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In tro duction

L'informatique est la science du traitemen t automatique de l'information. La

vision par ordinateur en est une branc he, don t l'ob jectif est le traitemen t au-

tomatique d'informations de nature visuelle. Elle est née dans les années 70

comme une branc he de l'in telligence arti�cielle. Son pro jet initial était de do-

ter des ordinateurs ou des rob ots d'une vision similaire à la vision biologique

� une application t ypique étan t de p ermettre à un rob ot m uni d'unes ou plu-

sieurs caméras de se déplacer de façon autonome dans son en vironnemen t.

P armi les problèmes auxquels la vision par ordinateur s'in téresse �guren t

donc la reconstruction tridimensionnelle de l'en vironnemen t à partir d'une

ou plusieurs images, la séparation d'une image en comp osan tes p ertinen tes �

par exemple un ob jet et son arrière-plan � app elée segmen tation, puis l'ob-

ten tion d'information de plus haut niv eau concernan t l'en vironnemen t � par

exemple reconnaitre tel ou tel ob jet � en vue d'in teragir a v ec celui-ci.

Ce programme général est loin d'être résolu, mais en emprun tan t à de nom-

breuses disciplines, telles les mathématiques, le traitemen t du signal et l'ap-

pren tissage, la vision par ordinateur a néanmoins dév elopp é un grand nom bre

d'outils p ermettan t l'analyse et le traitemen t d'images ou de séquen c e s d'images,

ouvran t la v oie à des applications dans de nom breux c hamps.

En parallèle d'applications don t le b éné�ce so cial est sujet à caution � ap-

plications militaires et videosurv eillance � la vision par ordinateur a p ermis

des progrès considérables dans le cadre de l'imagerie mé dic ale . L'émergence

récen te de nouv elles mo dalités d'imagerie (IRM et ses v arian tes, MEEG,

PET. . .) a p ermis des a v ancées imp ortan tes en terme de diagnostic de pa-

thologies et de compréhension du fonctionnemen t des être viv an ts, mais a

égalemen t créé un b esoin d'outils p ermettan t d'analyser des données de plus

en plus v olumineuses, don t le traitemen t man uel par un exp ert p eut s'a v érer

9
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très couteux en temps, v oire imp ossible.

Ce tra v ail de thèse prop ose quelques applications du formalisme des plus

courts c hemins à la segmen tation de structures anatomiques dans des images

médicales issues de mo dalités div erses.

Outli ne

Chapter I prop oses a general viewp oin t of shortest paths problems in discrete

or con tin uous spaces, and men tions some applications of this formalism in

computer science, as w ell as in other domains. It in tro duces some notions

ab out shortest paths in Riemannian manifolds, and in spaces equipp ed with

a p otential , i.e. in whic h displacemen t sp eed is not necess arily constan t in the

whole space.

Chapter I I details some algorithms to compute shortest paths. The exp osi-

tion fo cuses on Dijkstra algorithm in the discrete case, and on F ast-Mar ching

in the con tin uous case. W e prop ose a uni�ed presen tation of those t w o algo-

rithms. A new con v ergence pro of of F ast-Mar ching is prop osed in the case of

a bidimensional space equipp ed with an isotropic p oten tial and discretized on

a regular grid. Our formalism is extended to more and more general spaces.

Finally , w e sho w con v ergence of F ast-Mar ching on a Riemannian manifold

equipp ed with an anisotropic p oten tial, pro vided the discretization satis�es

some condition w e will detail in the sequel.

The next c hapter are dedicated to applications of this algorithm to analysis

of medical images. A cen tral idea of our w ork is to compute shortest paths

in abstract spaces � deriv ed from the image space � but whic h con tain more

information, t ypically concerning the orien tation of the anatomical structures

w e wish to segmen t.

Chapter I I I sho ws ho w suc h a formalism can b e used to segmen t tubular

structure in bidimensional images � t ypically blo o d v esse ls, but w e will sho w

that it can also b e applied to road segmen tation in satellite images. Our

main con tribution is to use a four-dimensional space whic h tak es in to accoun t

orien tation and radius of the v esse ls. W e will sho w sev eral adv an tages to use

suc h a space.
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W e will also apply this framew ork to the segmen tation of cortical images

from a blo o d �o w analysis, and prop ose an extension to an iterativ e metho d

for the segmen tation of a net w ork of tubular structures.

Chapter IV is an application of shortest paths to the analysis of di�usion

MRI with high angular resolution data. W e will use a space of dimension �v e

to p erform this task.

The �rst app endix tac kles problems related with shortest paths computa-

tions. It tac kles the computation of shortest paths in the presence of a mask

whic h forbids a part of space, as w ell as the computation of some connectivit y

measures.

The second app endix consists in an indep enden t w ork ab out the semi-automatic

lab elling of electro des in Electro encephalograph y (EEG). This w ork is a part

of a not-y et dev elop ed system to quic kly obtain tridimensional calibration of

electro des during EEG exp erimen ts.

All this w ork has giv en rise to publications in computer vision and medical

imaging conferences . Chapter I I I is adapted from the article Extr action of

T ubular Structur es over an orientation domain published in the conference

Computer Vision and Pattern R e c o gnition 2009 [ 167 ], with Gabriel P eyré

and Renaud Keriv en, and of SIFT-b ase d Se quenc e R e gistr ation and Flow-

b ase d Cortic al V essel Se gmentation applie d to High R esolution Optic al Ima-

ging Data [ 168 ], published in International Symp osium on Biome dic al Imaging

2008 with Thomas Deneux , Iv o V anzetta and Renaud Keriv en. The end of

the c hapter is published as a researc h rep ort, and is curren tly under review

in Me dic al Image A nalysis . A part of the w ork exp osed in c hapter IV w as

published in Me dic al Image Computing and Computer Assiste d Intervention

2009 , with Maxime Descoteaux and Renaud Keriv en.

Finally , app endix B corresp onds to an indep enden t w ork published in the

Me dic al Image Computing and Computer Assiste d Intervention 2007 [ 166 ]

with Renaud Keriv en, Théo dore P apadop oulo and Jean-Mic hel Badier.

Implemen tations w ere done mainly in C++ , using the CertisLib library , de-

v elop ed b y the CER TIS team. Visualisation and analysis of data w ere p erfor-

med using Matlab , Par aview and Br ainVizu for the w ork presen ted in c hapter

IV .
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Chapitre I

Shortest paths

� Le c hemin le plus court d'un p oin t à un autre est la ligne droite,

à condition que les deux p oin ts soien t bien en face l'un de l'autre. �

(�The shortest path from one p oin t to another is the straigh t line,

pro vided that the t w o p oin ts are squarely in fron t of eac h other�)

(Pierre Dac, F rancis Blanc he)

In tro duction

Computing shortest path is a sp eci�c instance of optimisation problem, and

a ma jor h uman concern : eac h time w e ask ourselv es if w e w ould b etter

tak e motorw a y rather than trunk road, whic h route to follo w in order to go

from Sain t-Malo to P oin te-à-Pitre, ho w to solv e a Rubik's Cub e in a minimal

n um b er of mo v es, ho w to get our knigh t from c3 to e5, or if w e should tak e

line 6 then 13 rather than 8 then 13 to go from Daumesnil to V arenne, w e are

attempting to solv e a shortest path problem � or at least to compare sev eral

paths whic h ha v e the same extremities � t ypically the place where w e are,

and the place where w e w an t to go.

In view of the div ersit y of these problem, the commonplace that the shortest

path b et w een t w o p oin ts is a straigh t line is clearly not su�cien t. Short do es

it mean short in space or in time ? What is a straigh t line in a Rubik's Cub e ?

In short, what are w e talking ab out exactly ?

13



14 Shortest paths

� In whic h sp ac e are w e mo ving ? Is it a tridimensional Euclidean space ? A

relativist space ? A discrete space ? Are there obstacles ?

� What is a p ath in that space ?

� What is the c ost asso ciated with this path ? F or example, do w e w an t to

�nd the shortest or the quic k est path ?

No w come the more alarming questions :

� is there a (one only) shortest path ?

And, if the answ er is y es,

� ho w to compute it ?

Section I.1 describ es a general framew ork for shortest paths, and en unciates

some basic prop erties. Section I.2 fo cuses on discrete shortest paths. Finally ,

section I.3 describ es man y framew ork for con tin uous shortest paths problems,

details some applications, and giv es some mathematical prop erties of the

considered spaces.

Con ten ts

I.1 Generalities on shortest paths . . . . . . . . . . . . 14

I.2 Discrete Shortest P aths . . . . . . . . . . . . . . . . 17

I.2.1 Directed graphs . . . . . . . . . . . . . . . . . . . . 17

I.2.2 Undirected Graph . . . . . . . . . . . . . . . . . . 18

I.2.3 Existence and uniqueness of shortest paths . . . . 18

I.2.4 Applications . . . . . . . . . . . . . . . . . . . . . . 21

I.3 Con tin uous shortest paths and distance maps . . 22

I.3.1 Di�eren t framew orks for con tin uous shortest paths 22

I.3.2 Theoretical asp ects . . . . . . . . . . . . . . . . . . 33

I.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . 38

I.1 Generali t i e s on shortest paths

Let E b e a set.

In this w ork, w e are in terested in a sp eci�c class of shortest path problems.

In particular, w e will imp ose that :
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� a path has a starting p oin t and an ending p oin t � if w e denote b y Cst the

set of paths from s 2 E to t 2 E , the set fCst j(s; t) 2 E 2g is a partition

(whic h can con tain the empt y set) of the set of all the paths C,

� the paths can b e concatenated if they are compatibles : if C1 2 CXY and

C2 2 CY Z , then C1@C2 2 CXZ : @ is a partial asso ciativ e binary op eration

on the set of paths C,

� a cost function c from C to F is de�ned � where F is an ordered set

equipp ed with a binary op eration + whic h is compatible with the order

relation. W e furthermore imp ose that c(C1@C2) = c(C1) + c(C2) for all

compatible paths.

� for all s 2 E , there exist a path in Css with n ull cost, and neutral for @.

Let us also in tro duce the notion of subp ath :

De�nition I.1.0.1 (Subpath)

L et C 2 Cst b e a p ath fr om s to t . C0
is a subp ath of C if and only if ther e

exists two p aths C1 and C2 such that C = C1@C0@C2 .

In the sequel, w e will fo cus on the F = R+
case, in whic h the cost can b e

naturally in terpreted in terms of length (or duration) of the path.

W e then de�ne the distanc e b et w een t w o p oin ts s and t b y :

d(s; t) def. =

(
inf


 2Cst
c(
 ) if Cst 6= ;

+ 1 otherwise
(I.1.1)

W e then ha v e

Prop osition I.1.0.1

d satis�es the triangular ine quality

Pro of : Let us consider s, t and u 2 E . If Cst = ; or Ctu = ; , w e clearly ha v e d(s; u) �
d(s; t) + d(t; u) . Otherwise, w e c hose � > 0. By de�nition of d(s; t) and d(t; u) , there exists

t w o paths 
 1 2 Cst and 
 2 2 Ctu suc h that c(
 1) � d(s; t) + �=2 and c(
 2) � d(t; u) + �=2.

Then, 
 1@
 2 2 Cst and c(
 1@
 2) � d(s; t) + d(t; u) + � , hence d(s; u) � d(s; t) + d(t; u) .

�

If w e �x a p oin t s 2 E , and if the distance from s to an y other p oin t in E is

�nite, w e get the follo wing function :
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Us
def. =

(
E ! R+

t 7! d(s; t)
(I.1.2)

called distanc e map from s.

W e call shortest p ath b et w een t w o p oin ts s and t an y path of Cst with length

d(s; t) :


 � (s; t) def. = argmin

 2Cst

c(
 ) (I.1.3)

Existence or uniqueness of shortest paths are not guaran teed, and strongly

dep ends on the prop erties on the space E .

Equipp ed with this n utshell formalism, w e already can en unciate the follo-

wing prop ert y :

Prop osition I.1.0.2

A subp ath of a shortest p ath is a shortest p ath.

Pro of : Let C 2 Cst b e a shortest path, and C0 2 Cuv a subpath of C . Let C1 and C2 b e

t w o paths suc h that C = C1@C0@C2 . W e ha v e c(C) = c(C1)+ c(C0)+ c(C2) . Let us assume

that C0
is not a shortest path from u to v . Then there exists a path C002 Cuv suc h that

c(C00) < c (C0) . Then, C1@C00@C2 2 Cst and c(C1@C00@C2) = c(C1) + c(C00) + c(C2) <
c(C) , whic h is absurd.

�

Shortest paths b et w een sets The shortest path notion can b e generali-

sed to starting and ending sets of p oin ts.

If S � E and T � E , w e can de�ne the set of all path from S to T as

CST
def. =

[

s2 S
t2 T

Cst (I.1.4)

and then the distance b et w een those sets as

d(S; T) def. =

(
inf


 2CST

c(
 ) if Cst 6= 0

+ 1 otherwise
= inf

s2 S
t2 T

d(s; t) (I.1.5)
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along with the distance map from S :

US
def. =

(
E ! R+

t 7! d(S;f tg)
(I.1.6)

A shortest path b et w een S and T is a path reac hing the distance (if it exists) :


 � (S; T) def. = argmin

 2CST

c(
 ) (I.1.7)

In the sequel, w e will handle shortest paths and distance maps problems

in whic h the en tire space is kno w a priori � not disco v ered progressiv ely

during computation, whic h is often the case for motion planning problems in

rob otics.

Suc h problems can b e classi�ed in t w o main classes, dep ending on the con ti-

n uous or discrete c haracter of the space E .

I.2 Discrete Shortest P aths

Most of the discrete shortest paths problems can b e recast in graph theory

terms. A v ery go o d in tro duction to graph theory and its algorithms can b e

found in [ 3 ].

I.2.1 Directed graphs

Let (S; A; w) b e a graph in whic h S is a �nite set of v ertices, A � S � S

is the set of edges linking the v ertices and w : A ! R is a w eigh t function

de�ned on the edges.

W e call p ath from s 2 S to t 2 S an y succes s ion (s0; a0; s1; : : : ; am� 1; sm ) m 2

N of edges and v ertices suc h that

� s0 = s

� sm = t

� 8 i 2 [0; m � 1] ai = ( si ; si +1 ) .

W e th us de�ne the concatenation of t w o compatible paths in the follo wing

w a y :
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(s0; a0; : : : am� 1; sm )@(t0; b0; : : : bn� 1; tn ) =

(s0; a0; : : : am� 1; sm = t0; b0; : : : bn� 1; tn )
(I.2.1)

and the length of the path (�gure 1.1 ) 
 = ( s0; a0; s1; : : : ; am ; sm ) as

c(
 ) def. =
mX

i =1

w(ai ) (I.2.2)

In particular, (s0) is a path from s0 to itself, of n ull length.

s1

s3

s2
s5

s4

s6

2

1

1

2

2

3

3

5

1

Fig. 1.1 � An example of graph. (s1; (s1; s2); s2; (s2; s4); s4; (s4; s5); s5) is a

path from s1 to s5 of length 6.

I.2.2 Undirected Graph

Shortest paths problems on undirected graphs is a sp eci�c case of the previous

problem. T o an y undirected graph, w e can asso ciate a directed graph b y

replacing ev ery edge b y t w o opp osite edges of same w eigh t.

I.2.3 Existence and uniqueness of shortest paths

The existence of a shortest path is not guaran teed on a graph :

� there can b e no path b et w een t w o v ertices (�gure 1.2 , left).

� there can a path but no minimal path (�gure 1.2 , righ t).
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s

t

4

-3

2

-2

3

s

1

2

3

4

t

4

-3

2

-1

2

-3

3

-3

Fig. 1.2 � L eft : a graph without path from s to t . R ight : a

graph without shortest path from s to t . The negativ e length lo op

(1; (1; 2); 2; (2; 4); 4; (4; 3); 3; (3; 1); 1 allo ws to �nd arbitrary small paths b et-

w een the p oin ts.

Ho w ev er, w e ha v e the follo wing prop ert y :

Prop osition I.2.3.1

L et (S; A; w) b e a gr aph, such that w : A ! R+
. L et s and t 2 S.

If Cst 6= ; , then a shortest p ath exists fr om s to t .

Pro of :

� First, notice that for all path in Cst , there exist a shortest path without lo op in Cst ,

� then notice that there is a �nite n um b er of paths without lo op from s to t , hence the

existence of a minimal length path, whic h is also a shortest path in Cst .

�

In particular, in a strongly connected graph with p ositiv e w eigh ts, shortest

paths exist b et w een an y pair of v ertices.
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Here is an in teresting prop ert y of shortest paths b et w een on t v ertex s and

all other v ertices.

Prop osition I.2.3.2

L et (S; A; w) b e a gr aph, with w : A ! R+
. L et s 2 S. Then, ther e exist a

tr e e A build fr om S such that

� s is the r o ot of the tr e e ;

� t is a no de of the tr e e if and only if ther e exists a shortest p ath fr om s to

t ;

� if the p aternity r elation in A is denote d by p, (s : : : p(t); (p(t); t); t) is a

shortest p ath fr om s to t .

Pro of :

This tree is simply a set of edges whic h con tains a shortest path from s to all accessible

v ertex t , and whic h is minimal for inclusion.

�

Suc h a tree is called shortest p aths tr e e (�gure 1.3 ).

s

1

4

7

1

2

1

2

1

1

3

7

7

2

0

4

1

2

3

4

1

Fig. 1.3 � Distance map and shortest path tree from v ertex s

In section I I.1.1 , w e will explain ho w to compute suc h distance maps and

shortest path trees.
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I.2.4 Applicati ons

A h uge amoun t of problems can b e recast in this framew ork. It is p oin tless

to try and dra w up a complete map of p ossible applications. Let us cite some

classical problems.

� A classical application of shortest paths on graph is the computation of

tra jectories o v er transp ortation net w orks. Edges corresp ond to p ortions of

roads, and v ertices to in tersections. W eigh ts accoun t for the time to tra v el

along a p ortion of road.

� This framew ork is used to compute routing in electronic data net w orks [ 205 ].

V ertices represen t routers (or other no des), and edges represen t connexions

b et w een routers. W eigh ts dep end on the a v ailable bandwidth.

� The computation of knigh t mo v es w e men tioned earlier can b e casted in

a searc h of shortest path on a graph (�gure 1.4 ). More generally , for all

system with a �nite n um b er of states, and transitions b et w een those state,

�nding paths b et w een t w o states can b e done b y computing shortest paths

in a graph with constan t w eigh ts.

Fig. 1.4 � Undirected graph corresp onding to the p ossible mo v es of a knigh t

o v er a c hessb oard. Eac h v ertex corresp onds to a square, eac h edge to a p os-

sible mo v e. In red, y ello w, and green : three paths from e3 to c5 in a minimal

n um b er of mo v es.

� More generally , all dynamic programming problems can b e form ulated in

terms of shortest paths problem in a graph. [ 131 ].

� Some linear programming problem can b e recast in discrete shortest paths
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Shortest paths

in Rn

Shortest paths

in Rn

+ sp eed

Shortest paths

in manifolds

Shortest paths

in Rn

+ anisotrop y

Shortest paths

in Riemannian

manifolds

Shortest paths

in a subset

of Rn

Fig. 1.5 � Di�eren t con tin uous shortest paths problems

computation [ 40 ].

� Man y motion planning problems can also b e form ulated in this frame-

w ork [ 113 ].

I.3 Con tin uous shortest paths and distance maps

I.3.1 Di�eren t framew orks for con tin uous shortest paths

In this section, w e will presen t some shortest paths problems whic h o ccur

in di�eren t domains, and require di�eren t theoretical framew orks. Figure 1.5

syn thes ises these framew orks.

Let us consider a con tin uous space E � for practical purp oses, E is generally

a subset of Rn
or a �nite dimension manifold.

W e de�ne a path as a function C0
and piecewise- C1

from [0; 1] to E � this
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f (0)

f (1)

Fig. 1.6 � A path in R2

condition b eing su�cien t in order to de�ne the length of suc h a curv e

1

. If f

is suc h a path, the extr emities of f are f (0) and f (1) (�gure 1.6 ).

The concatenation of t w o paths f 1 : [0; 1] ! E and f 2 : [0; 1] ! E is de�ned

as

f 1@f 2
def. =

(
t 2 [0; 1=2] 7! f 1(2t)

t 2 ]1=2; 1] 7! f 2(2t � 1)
(I.3.1)

I.3.1.1 Shortest paths in Rn
: the straigh t line strik es bac k

Let us de�ne E = Rn
, with n � 1.

The length of a curv e f is de�ned b y

L (f ) def. =
Z 1

0
kf 0(t)kdt (I.3.2)

Notice that this quan tit y is in v arian t when one reparametrise the curv e. In

particular, if w e use the arc length, w e get

L (f ) =
Z L (f )

0
kf 0(s)kds (I.3.3)

1

still, it is not necessary : it is p ossible to de�ne a length for a more general class of

curv es, namely recti�able curv es
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with kf 0(s)k = 1 .

In this framew ork, w e can sho w the follo wing prop ert y :

Prop osition I.3.1.1

L et x and y 2 E . Then, the shortest p ath fr om x to y is the str aight line, i.e.

f � : t 7! x + t y� x
ky� xk

Pro of :

If f is a curv e with x and y extremities, w e ha v e L(f � ) =
R1

0 kf � 0(t)kdt = kx � yk =
k

R1
0 f 0(t)dtk �

R1
0 kf 0(t)kdt = L (f )

�

The distance b et w een t w o p oin ts corresp onds with Euclidean distance, i.e.

Us(t) = kt � sk2 . In particular, lev el sets of distance map are circles in 2D,

and spheres in 3D (�gure 1.7 ).

s

Fig. 1.7 � Shortest paths in R2
. Lev el sets of distance map are circles, and

shortest paths are segmen ts.

Things are b ecoming more in teresting when one consider a set S of starting

p oin ts instead of one p oin t. If S is a closed set, a compacit y argumen t easily

sho ws the existence of a shortest path from S to an y p oin t of E . This shortest

path is still a straigh t line. Figures 1.8 and 1.9 demonstrate this on t w o

examples.
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s2s1

Fig. 1.8 � Shortest paths to 2 p oin ts s1 and s2 . Lev el sets are represen ted in

blac k, and shortest paths in red. The blue line corresp ond to p oin ts whic h are

equidistan t from s1 and s2 , i.e. to the sho c k p oin ts of the fron ts emanating

from s1 and s2 .

S

Fig. 1.9 � Shortest paths to a segmen t. Lev el sets are represen te d in blac k,

and shortest paths in red.

These results can b e in terpreted in terms of fron t propagation [ 188 ] : let us

consider a starting set S, and a fron t propagating outside S with a constan t

sp eed 1. The US(t) = � lev el set corresp onds to the fron t p osition after a

time � . A classical analogy is the propagation of a forest �re propagating at

constan t sp eed from an initial hearth [ 30 ].

Applications The in terpretation in terms of fron t is extremely pro ductiv e.

As illustrated �gure 1.8 , the meeting p oin ts b et w een t w o fron ts corresp ond
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to p oin ts that are equidistan t from starting p oin ts in S. This results can b e

generalised to an arbitrary n um b er of starting p oin ts, whic h pa v es the w a y

to w ard t w o applications : the calculation of V oronoi diagrams [ 188 ] if S is

discrete, and sk eletization of ob jects 
 b y using S = � 
 [ 204 , 173 , 78 ].

Another application is shap e o�setting, whic h consists in �nding lev el sets

of distance functions to a giv en set [ 188 ] � with applications to gro wing of

obstacles in motion planning.

Computing the distance function to a closed curv e is also a classical step of

level sets [ 188 ] implemen tations � in order to obtained a smo oth function

whic h zero lev el set corresp ond to the curv e.

This formalism w as also used in images denoising in 2D or 3D, leading to

algorithms that can guaran tee top ological prop erties of the ob ject to b e de-

noised, suc h that homotop y to a sphere [ 108 , 202 , 13 ].

A list of other applications can also b e found in [ 57 ].

I.3.1.2 Shortest paths on a subset of Rn

F rom a mathematical p oin t of view, things b ecome m uc h more complex as

so on as the considered space is a strict subset of Rn
.

As an example, let us consider the plane without the origin. There is no

shortest path from (1; 0) to (0; 1) : paths with a length arbitrarily close to 2

exist, but no path of length 2(�gure 1.10 ).

(0; 0)(0; 1) (1; 0)

Fig. 1.10 � Existence of shortest path is not guaran teed in a subset of the

plane

Ho w ev er existence of shortest paths is guaran teed for sev eral sp eci�c cases.

Applications. An imp ortan t application of this formalism is again motion

planning : this calculation allo w to plan tra jectories of rob ots in an en vi-

ronmen t consisting of obstacles, or in whic h some p osition are forbidden.
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Appro ximate n umerical metho ds exists for general spaces [ 99 , 96 , 68 , 69 ].

Ho w ev er, it is often adv an tageous to tak e adv an tage of the shap e of obstacles

in order to obtain dedicated exact algorithms.

F or example, if the obstacles are op en p olygons, it is p ossible to compute an

exact solution in p olynomial time. Indeed, this problem can b e reduces to a

calculation of discrete shortest path in a visibility gr aph , or b y decomp osing

space in to connected cells [ 138 ]. An in teresting in tro duction to this topic can

b e found in [ 113 ].

I.3.1.3 Lo cal sp eed

Let E b e a subset of Rn
, and let us consider a mapping � : E ! R+ �

� called

p otential o v er E .

Keeping the curv e de�nition ab o v e, w e can de�ne the length of a curv e with

resp ect to this p oten tial as

L � (f ) def. =
Z 1

0
� (f (t))kf 0(t)kdt (I.3.4)

If w e parametrise the curv e b y arc length, w e ha v e

L � (f ) =
Z L (f )

0
� (f (s))ds (I.3.5)

hence

L � (f )
L (f )

= < � > f (I.3.6)

where < � > f is the a v erage v alue of � along the curv e. If w e in terpret L � (f )

as a tr avel time to go from f (0) to f (1) , L (f ) b eing the Euclidean length of

the curv e, � can b e seen as the in v erse of a lo cal sp e e d of displacemen t.

F or practical purp oses, as so on as the considered p oten tial map is non-trivial,

there is no analytical form for the shortest paths. Solution will not reside an y-

more in exact algorithms, but on n umerical metho ds leading to appro ximate

solutions � one of these metho ds will b e thoroughly detailed in I I.3 .

Ho w ev er, exact algorithms exists in some sp eci�c cases, for example if the

2D space is partitioned in to p olygons in whic h sp eed is constan t [ 137 ].
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F rom a theoretical p oin t of view, there is no general guaran tee of the existence

of shortest paths. As an example, let us consider the space E = [0; 1]2 with

p oten tial

� def. = ( x; y) !

(
1 si y < 1=2

2 otherwise

Then, there is no shortest path from (0; 1=2) to (1; 1=2).

Nev ertheless , w e will see an existence theorem for shortest paths in a more

general framew ork, whic h guaran tees in particular the existence of shortest

paths in [0; 1]n when � is con tin uous.

Applications

This problem is particularly imp ortan t from an historical p oin t of view in

geometrical optics [ 110 ]. The r efr active index of a medium is de�ned as the

ratio b et w een ligh t celerit y in v oid o v er ligh t celerit y in that medium, i.e.

n def. = c
v . The F ermat's principle en unciates that the tra jectories follo w ed b y

ligh t ra ys are of extremal duration. If w e consider a medium E and an index

n(x) for eac h p oin t, the duration of ligh t journey along a tra jectory f is th us

giv en b y

L (f ) =
1
c

Z 1

0
n(f (t))kf 0(t)kdt (I.3.7)

Shortest paths for this length corresp ond to p ossible tra jectories of ligh t ra ys

� and in particular w e �nd that ligh ts propagates along straigh t lines in an

homogeneous medium.

The refraction la ws (or Snell-Descartes' la ws), whic h describ e the b eha viour

of ligh t ra ys at the in terface b et w een t w o homogeneous media can also b e

retriev ed from this equation (�gure 1.11 ).

This formalism is also applied in image analysis to con tour segmen tation

either as an alternativ e to activ e con tours [ 38 ] or in the framew ork of seg-

men tation b y region gro wing [ 127 , 132 , 49 ]. In [ 65 , 95 ], criteria similar to I.3.6

w ere also analysed and used to p erform con tour segmen tation. The basic idea

� whic h w e will detail further in c hapter I I � is to compute shortest paths

or distance maps in the image plane, setting the p oten tial suc h that shortest
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n2

n1

� 2

� 1

Fig. 1.11 � L eft : refraction of a ligh t ra y at the in terface of t w o homogeneous

media of index n1 and n2 with n2 < n 1 . The ra y follo ws the shortest path,

and its tra jectory tends to remain longer in the half-plane with smaller index.

More precisely , w e ha v e sin(� 1)n1 = sin( � 2)n2 . R ight : illustration of this

phenomenon at the in terface b et w een air and w ater � w ater index b eing

appro ximately 1.3 times bigger. Bottom : distance map and shortest paths

in a plane separated in t w o domains of indices 1 and 4 � s b eing in the area

of bigger index.
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paths or lev el sets of distance maps follo w in teresting curv es in the image �

e.g. blo o d v esse ls or ob jects con tours.

This kind of metho ds can b e paired with w atershed algorithms in order to

segmen t cluster of ob jects [ 144 ].

Distance map and fron t calculation is also used to estimate arriv al times

for seismic w a v es in Earth's man tle [ 189 ], or to mo del propagation of electric

signals in the framew ork of h uman heart electroph ysiological mo delling [ 184 ].

In [ 64 ], the same formalism is used in order to compute corresp ondenc e s

b et w een curv es.

Finally , the shap e fr om shading � whic h consists in reconstructing a tridi-

mensional shap e from its illumination � needs the use of a formalism close to

the one of distance maps [ 94 , 174 , 99 , 162 ]. It is also the case for the problem

of reconstructing a depth map from the normals of the surface [ 81 ].

I.3.1.4 Anisotrop y

Here is another in terpretation of shortest paths computation in a space with

a p oten tial. Let E and � b e de�ned as previously . Let us de�ne for all x 2 E

and for all v 2 Rn

kvkx
def. = � (x)kvk: (I.3.8)

If w e consider equation ( I.3.4 ), w e ha v e,

L � (f ) =
Z 1

0
kf 0(t)kf (t )dt (I.3.9)

W e meet again the de�nition of length prop osed in ( I.3.2 ), but in a space

equipp ed with a di�eren t metric.

F rom no w, it is easy to generalise these de�nitions to anisotropic metrics,

for whic h the p oten tial dep ends not only on the lo cation, but also on the

orien tation of the curv e.

Let E b e a subset of Rn
, and let us consider a mapping g : E ! S +

n (R) ,

where S+
n (R) is the set of symmetric p ositiv e de�nite matrices of size n � n .

F or ev ery p oin t x 2 E , it de�nes a metric : for all v 2 Rn
, w e de�ne

kvkg(x)
def. =

p
vT g(x)v (I.3.10)
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Fig. 1.12 � A path on an ellipsoid

Then, w e can de�ne again the length of a curv e as follo ws :

L g(f ) def. =
Z 1

0
kf 0(t)kg(f (t )) dt (I.3.11)

( I.3.8 ) is therefore a sp eci�c case of this equation when g(x) = � (x)2I n is an

homothet y .

Applications

This formalism w as mainly used in medical imaging in order to mo del elec-

troph ysiological phenomena [ 185 ], or to reconstruct �b ers if di�usion tensor

imaging [ 87 , 145 ].

I.3.1.5 Shortest paths in a manifold

Let E = V b e a manifold [ 176 ] of dimension k , em b edded in Rn
for some

n 2 N.

W e can de�ne the length of a curv e on this manifold as

L (f ) def. =
Z 1

0
kf 0(t)kdt (I.3.12)

where k:k denotes the Euclidean norm in Rn
.

Figure 1.12 sho ws an example of path on an ellipsoid em b edded in R3
.

Shortest paths problems on manifolds app ear in tra jectories issues on the

surface of the Earth � whic h is of capital in terest to allo w na vigators to reac h

one p oin t from another as fast as p ossible.

It is p ossible to sho w that shortest paths on this surface are p ortions of great

circles on the sphere (�gure 1.13 ). This result is kno wn at least from Aristotle.
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Fig. 1.13 � Shortest paths on a sphere are p ortions of great circles

A geometrical demonstration of this result is prop osed in [ 124 ], as w ell as

results concerning shortest paths on cylinder or cones.

Leonhard Euler [ 55 ] w as the �rst one to tac kle this problem on a general

surface. F or a con v ex surface, Euler solv es it b y noticing that a shortest path

b et w een t w o p oin ts corresp onds to a tigh ten thread on the surface going

through those p oin ts.

The shortest path notion on a manifold is related with the notion of ge o desic .

A geo desic is de�ned a a curv e with normal acceleration on the manifold. It

is p ossible to sho w that a shortest path on a manifold is a geo desic, and

that a geo desic is lo c al ly a shortest path [ 66 ]. These to notions are generally

mixed up in the computer vision comm unit y , and w e will use either of the

t w o w ords in the sequel.

Applications

Sev eral geometric problems are based on shortest paths computations on ma-

nifolds : parametrisation of surfaces [ 182 ], sampling of surfaces [ 155 ], V oronoi

diagrams calculation on surfaces [ 188 , 99 ].

Shortest path calculation on p olyhedra w as also studied, an is applied to

problem in motion planning [ 2 , 158 , 157 ].

I.3.1.6 Shortest paths on a Riemannian manifold

Let V b e a manifold of dimension k em b edded in Rn
for some n 2 N. F or

all x 2 V , let us denote b y Tx (V) the tangent sp ac e of V at x . It is a v ector
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space of dimension k suc h that for an y curv e f on the manifold, and for all

p oin t f (t) 2 V on the curv e, f 0(t) 2 Tf (t )(V) .

A R iemannian manifold (V; g) is de�ned as a manifold V suc h that for all

p oin t x 2 V , Tx (V) is equipp ed with a symmetric p ositiv e de�nite bilinear

form g(x) : Tx (V) � Tx (V) ! R+
called p otential . Usually , a con tin uit y

constrain t is imp osed for g. Excellen t in tro duction to the study of Rieman-

nian manifolds can b e found in [ 116 ] and [ 66 ].

kvkx
def. =

p
g(x)(v ; v) (I.3.13)

W e can no w de�ne the length of a curv e on V b y

L g(f ) def. =
Z 1

0
kf 0(t)kf (t )dt (I.3.14)

g can b e in terpreted as the in v erse of a sp eed tensor.

Therefore, shortest paths on manifolds is a sp eci�c case of this framew ork,

in whic h g(x)(v ; v) corresp onds with the Euclidean norm of the em b edding

space.

Applications When the p oten tial is isotropic, this formalism can b e used

to segmen t targeted curv es on surfaces. In [ 203 , 10 ], the authors prop osed to

use it to segmen t sulci on cortical surface. It w as also used to segmen t surfaces

in tridimensional images � view ed as an union of shortest paths b elonging to

that surface [ 6 , 7 ].

I.3.2 Theoretical asp ects

It is p ossible to pro v e existence of geo desics and to demonstrate prop erties

of the distance maps in the most general case w e ha v e men tioned. Complete

pro ofs come under non-trivial mathematics, and will not b e detailed here.

Ho w ev er, w e will giv e in tuitiv e pro ofs in a few sp eci�c cases.
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I.3.2.1 Distance

Prop osition I.3.2.1

L et (V; g) b e a c onne cte d c omplete R iemannian manifold, e quipp e d with a

c ontinuous metric. W e de�ne the length L of a curve as pr eviously.

Then, the mapping d induc e d by L ( I.1.1 ) is a distanc e function.

Pro of :

W e presen t a sk etc h of pro of. A complete one can b e found in [ 66 ].

T riangular inequalit y holds from I.1.0.1 .

Symmetry is deriv ed from the p ossibilit y of tra v elling on the curv e in b oth directions : if

f is a path from a to b, then t ! f (1 � t) is a path from b to a of same length. Symmetry

is obtained b y considering the in�m um of length of all paths from a to b.

The de�nite c haracter is more di�cult to sho w. Let us consider t w o distinct p oin ts s
and t . W e will pro v e that d(s; t) > 0. Let us em b ed the manifold in some space Rn

and let us consider the compact set Bs
def. = V \ B (s; ks� t k

2 ) . By con tin uit y of the metric,

there exist � 2 R suc h that for all x 2 Bs and for all v 2 Tx (V ) g(x)(v; v) > � kvk.

Let us consider a path from s to t , and denote t0
def. = inf

t 2 [0;1]
f t 2 [0; 1] j f (t) =2 Bsg.

Then, L � (f ) �
Rt 0

0 kf 0(t)kf ( t ) dt � �
Rt 0

0 kf 0(t)k � � j
Rt 0

0 f 0(t)j = � ks� t k
2 . Therefore, w e ha v e

d(s; t) � � ks� t k
2 > 0

�

I.3.2.2 Geo desics

The Hopf-Rino w theorem [ 83 ] guaran tees the existence of geo desics for a

large class of Riemannian manifolds.

Theorem I.3.2.2 (Hopf-Rino w)

F or any c omplete c onne cte d R iemannian manifold, and for any c ouple of

p oints (s; t) of the manifold, ther e exists a ge o desic of minimal length b etwe en

s and t .
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I.3.2.3 Distance map prop erties

Recall that the distance map U(S) to a starting set is de�ned as U(S; t) def. =

d(S;f tg) for all t 2 V . W e can c hec k easily that

Prop osition I.3.2.3

L et (V; g) b e a c omplete c onne cte d R iemannian manifold, e quipp e d with a

c ontinuous metric. L et S � V b e a c omp act set.

Then U(S) is c ontinuous.

In particular, the distance map to a single p oin t is con tin uous.

Ho w ev er, ev en in the simplest cases, the distance map if not di�eren tiable.

As an example, in the case of distance map to a p oin t in R2
(�gure 1.7 ),

Us is not di�eren tiable at p oin t s. In the case of distance map to t w o p oin ts

(�gure 1.8 ), the distance map is also not di�eren tiable at p oin ts whic h are

equidistan t from the t w o starting p oin ts.

Y et, w e ha v e the follo wing prop ert y .

Prop osition I.3.2.4

If Us is di�er entiable at t , then jr tUsj [g(t )] � 1 = 1 .

Pro of :

W e pro vide a pro of when E = Rn
, equipp ed with a p oten tial � . It can b e extended to an y

Riemannian space, but this requires tec hnical to ols w e will not dev elop here.

If Us is di�eren tiable at t , w e can write

Us(t + dt ) = Us(t) + r t Us:dt + o (jdt j):

F urthermore, Us(t + dt ) b eing the length of the shortest path from s to t + dt , and the

norm b eing con tin uous, w e ha v e

Us(t + dt ) � U s(t) + � (t)jdt j + o (jdt j):

In particular, if w e set dt = � r t Us , and decrease � to w ard 0, w e ha v e

jr t Us j � � (t)

No w let us consider a shortest path 
 from s to t . W e set dt = 
 (1) � 
 (1 � � ) .

Let us de�ne U(x) def. = Us(
 (x)) . W e th us ha v e U0(x) = r 
 (x ) Us 
 0(x) , and x = 1 , U0(1) =
r t Us:
 0(1) � jr t Us jj 
 0(1)j .

By the w a y , w e ha v e
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U(1) � U(1 � � ) = � j
 0(t)j� (t) + o (� )

hence

U0(1) = j
 0(t)j� (t)

and

jr t Us jt � � (t)

hence the result.

On the w a y , w e also pro v ed that 
 0(t) and r t Us are collinear.

�

De�nition I.3.2.1

W e c al l Eik onal equation the fol lowing p artial derivative e quation :

kr xUSkg� 1 (x) = 1 with 8s 2 S US(s) = 0 (I.3.15)

The previous prop osition en unciates that if the distance map is di�eren tiable

at some p oin t, it is solution of the Eik onal equation at that p oin t. It w ould

b e in teresting to obtain a con v erse of this results, whic h w ould c haracterise

Us globally as a solution of Eik onal equation. This is a tough problem, since,

as w e sa w, Us is not di�eren tiable at an y p oin t.

[ 43 ] in tro duced the notion of viscosit y solution for a large class of partial

di�eren tial equations, allo wing to circum v en t this issue (�gure 1.14 ).

De�nition I.3.2.2

W e c al l u a viscosit y solution of the Eikonal e quation if and only if for any

mapping ' 2 C1(V) and for al l x0 2 V lo c al minimum of u � ' we have

kr x0 ' kg� 1 (x0 ) = 1

This de�nition disp oses of the di�eren tiabilit y constrain t on u . Some ph ysical

insigh t of this notion are detailed in [ 186 ].

A sp eci�c case of results pro v ed in [ 43 ] can b e en unciated as follo w

Theorem I.3.2.5

L et (V; g) b e a R iemannian manifold, and S � V a c omp act set.

Then, US is the unique visc osity solution of the Eikonal e quation ( I.3.15 ) .
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u

'

x0

Fig. 1.14 � Illustration of the viscosit y solution de�nition in dimension 1. u

is the distance function to t w o initial p oin ts. ' is a C1(R) mapping. x0 is a

lo cal minim um u � ' . Then the equalit y jr x0 ' j = 1 holds.

The follo wing theorem also holds.

Theorem I.3.2.6

L et (V; g) b e a R iemannian manifold, and s, t 2 V .

L et 
 b e a ge o desic b etwe en s and t . Then, up to p ar ametrisation, 
 is solution

of the fol lowing di�er ential e quation


 0(t) = �
g(
 (t)) � 1r 
 (t )Us

kg(
 (t)) � 1r 
 (t )Usk
with 
 (0) = t: (I.3.16)

Pro of :

In the case of Rn
equipp ed with a p oten tial, w e m ust sho w that


 0(t) = �
r 
 ( t ) Us

kr 
 ( t ) Usk
with 
 (0) = t: (I.3.17)

The pro of is immediately deriv ed from collinearit y of 
 0(t) and r 
 ( t ) Us w e observ ed during

the pro of of I.3.2.4 .

This result can b e generalised to Riemannian manifolds.

�

In the case of Rn
equipp ed with a p oten tial, this implies the orthogonalit y

b et w een shortest paths and lev el sets of distance map (�gures 1.7 1.8 1.9 ).

The last t w o results are extremely imp ortan t for practical computation of

shortest paths and distance maps. Computing a distance map is reduced to

the problem of appro ximating the solution of a partial di�eren tial equation

(w e will detail a metho d to do so in section I I.3 ), and computing a shortest
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path b oils do wn to p erforming a gradien t descen t on the obtained map � or

more precisely a descen t along the char acteristics of the solution [ 56 ] � whic h

aligns with with gradien t direction in the case of an isotropic p oten tial.

I.4 Conclusio n

Shortest paths naturally app ear in the mo delling of sev eral problems, either

in the discrete case (shortest paths in a graph) or in the con tin uous one

(shortest path in Rn
or in a manifold). The explicit calculation of shortest

paths is th us of primary in terest for the resolution of n umerous problems.

The next c hapter details some metho ds allo wing to compute exact or ap-

pro ximate solutions to these problems.



Chapitre I I

Shortest paths computation

In tro duction

This c hapter is an attempt to prop ose a clear presen tation of algorithms to

compute shortest paths � in particular F ast-Mar ching .

W e will presen t Dijkstra algorithm for computation of shortest paths on

graphs (section I I.1 ). Then w e will sho w an fruitless attempt to use this

algorithm in a con tin uous framew ork (section I I.2 ). W e will th us presen t

the state-of-the art solution to this problem � i.e. F ast-Mar ching . . Section

I I.3 will consist in a full exp osition of the metho d � our formalism b eing

di�eren t than the classical one, whic h will allo w b oth to ha v e a p oin t-of-

view uni�ed with Dijkstra algorithm, and to p erform easy generalisations. A

pro of of con v ergence will b e prop osed in this case. W e will therefore sho w

ho w to extend this algorithm to an y dimension, and to anisotropic p oten tials

with principal comp onen ts aligned with the grid. Finally , in section I I.4 w e

will detail the algorithm and giv e a pro of in the most general framew ork �

i.e. shortest paths on Riemannian spaces. This presen tation, while k eeping a

geometrical p oin t-of-view, is a generalisation of results indicated in [ 186 ] and

[ 30 ].

Con ten ts

I I.1 Discrete shortest paths computation . . . . . . . . 40

I I.1.1 Dijkstra algorithm . . . . . . . . . . . . . . . . . . 41

I I.2 F rom discrete to con tin uous � a �rst attempt . . . 47

39
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I I.1 Discrete shortest paths computation

Dep ending on the targeted application, n umerous metho ds exist in order to

compute discrete shortest paths.

W e will restrict ourselv es to the the problem of computing distance maps and

shortest paths from a �xed set of initial v ertices (notice that it is p ossible to

compute distances b et w een an y couple of p oin ts using algorithms suc h that

Flo yd-W arshall and Johnson [ 181 ] .)

If negativ e v alues are p ermitted in the graph, there is no guaran tee of the

existence of shortest paths b et w een t w o v ertices (�gure 1.2 ). In this con text,

�nding a shortest path b et w een to v ertices is a NP-complete problem [ 92 ].

When the graph do es not con tain an y lo op of negativ e length, one can pro v e

that shortest paths exist, and they can b e found using p olynomial algorithms

suc h that Bellman-F ord algorithm [ 123 , 1 , 139 ].
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In the sequel, w e will only consider graphs with p ositiv e w eigh ts. In this case,

our problem can b e solv ed in p olynomial time b y using Dijkstra algorithm �

whic h w e are going to detail.

Notice also that if all w eigh ts in the graph are equal to 1, dedicate algorithms

exists to compute shortest paths[ 19 ].

I I.1.1 Dijkstra algorithm

In this section, w e will fo cus on metho ds to compute distance maps from

one giv en v ertex s � along with shortest paths from an y other v ertex to

s. In the sequel, a graph will b e denoted as (S; A) , where S represen ts the

v ertices, and A the edges. F urthermore w e will denote n def. = jSj and m def. = jAj .

w : A ! R+
is a w eigh t de�ned on the edges of the graph. N (s) � S

represen ts the neigh b ors of s in the graph, and p def. = max
s2 S

fjN (s)jg is the

maximal connectivit y for a v ertex.

W e ha v e the follo wing fundamen tal prop ert y for the distance map Us from a

v ertex s on a graph.

Prop osition I I.1.1.1

Us(t) = min
v2N (t)

Us(v) + w(v; t)

Pro of :

F or an y neigh b or v of t , w e ha v e Us(t) � U s(v) + w(v; t) .

F urthermore, let us consider a shortest path from s to t , namely (s; : : : u; (u; t ); t) (cf.

I.1.0.2 ). Then, the sub-path (s; : : : u) is a shortest path from s to u . W e then ha v e Us(u) =
l(s; : : : u) , and Us(t) = l((s; : : : u; (u; t ); t)) = Us(u) + w(u; t) .

�

The pro of also sho ws that if (s; : : : u;(u; t); t) is a shortest path, the minim um

in ( I I.1.1.1 ) is reac hed for v = u .

Some v ertex s b eing c hosen, Dijkstra algorithm [ 54 , 119 ] allo ws to compute

the distance map Us as long as a shortest paths tree in O (n(log(n)+ p)) time.

A t an y stage, the algorithm k eeps up an estimate d of Us . It is based on a

lo cal up date routine deriv ed from I I.1.1.1 . This routine allo ws to estimate d

for a v ertex t , kno wing v alues of d for its neigh b ors. F urthermore, it up dates

the father p(t) of t in the shortest paths tree.
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Algorithm 1 up date( t )

Input: A v ertex t .

for all v 2 N (t) do

if d(v) + w((v; t)) < d (t) then

d(t)  d(v) + w((v; t))

p(t)  v

end if

end for

Dijkstra algorithm tra v els all o v er the graph, and sequen tially p erforms suc h

up date steps. The order in whic h to p erform these op erations is critical.

A �rst attempt is to iterativ ely p erform them on all the v ertices. One gets

the algorithm describ ed in 2 .

Algorithm 2 Iterativ e algorithm for shortest paths computations

Input: A graph (S; A) , s 2 S

Output: 8t 2 V d(t) = Us(t)

Initialization:

Set d(s) = 0 and d(t) = + 1 for all t 6= s.

p(s)  0

while con v ergence is not reac hed do

for all t 2 S do

up date ( t )

end for

end while

It is p ossible to sho w that n iterations are su�cien t to reac h con v ergence .

This algorithm th us runs in O (n2p) time.

Ho w ev er, it is p ossible to impro v e this complexit y . Re�ning I I.1.1.1 , w e ob-

tain :

Prop osition I I.1.1.2

Us(t) = min
v2N (t)

Us (v)< Us (t )

Us(v) + w(v; t)

This means that Us v alue for a giv en v ertex only dep ends on v alues of neigh-
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b oring v ertices with lo w er v alues � in particular, the up date routine is p er-

forming useless op erations.

This prop ert y � whic h in tro duces a c ausality or upwinding notion in Us �

allo ws one to design a new dynamic-programming-lik e algorithm to compute

shortest paths : one can compute Us for v ertices � close� from s, and then

extend the computation to further v ertices. In the case when w eigh ts are all

1 in the graph, this corresp onds to a breadth �rst exploration.

Three disjoin t sets of v ertices are k ept up :

� A ( alive ) : the set of v ertices for whic h d = Us .

� T ( trial ) : the set of v ertices for whic h an estimation d of Us is a v ailable �

i.e. p oin ts b eing considered.

� F ( far ) : the set of v ertices for whic h no estimation d of Us is a v ailable

A t ev ery iteration, the algorithm selects a v ertex t 2 T with minimal d(t)

estimation. One can sho w that d(t) = Us(t) for suc h a v ertex. This v ertex is

transferred in A . Its neigh b ors are transferred in T , and their estimated dis-

tance is up dated b y using the v alue found for d The algorithm is syn thes ised

in 3 and 4 .

Algorithm 3 up date( v , t )

Input: A v ertex v . A neigh b oring v ertex t .

if d(t) + w((t; v)) < d (v) then

d(v)  d(t) + w((t; v))

p(v)  t

end if

Figure 2.1 sho ws an iteration of the algorithm. A t an ytime during the com-

putation, T can b e seen as a fron t propagating from s.

Dijkstra algorithm can b e easily generalised to a set of starting v ertices S :

one just need to replace T  f sg with T  S, and b y setting 8s 2 S

d(s) = 0 during the initialisation.

Pro of of correctness Let us pro v e the correctness of Dijkstra algorithm.

W e w an t to pro v e that for an y v ertex t , w e ha v e d(t) = Us(t) after execution

of the algorithm.



44 Shortest paths computation

Algorithm 4 Dijkstra algorithm

Input: A graph (S; A) , s 2 S

Output: 8t 2 V d(t) = Us(t)

Initialization:

Set d(s) = 0 and d(t) = + 1 for all t 6= s. Set A = ; , T = f sg and

F = Vnf sg.

while there exists t 2 T do

Select t 2 T suc h d(t) is minimal.

T  T nf tg, A  A [ f tg

for all v 2 N (t)nA do

if v 2 F then

F  Fnf vg, T  T [ f vg

end if

up date ( v; t )

end for

end while
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Fig. 2.1 � One iteration of Dijkstra algorithm. Blac k v ertices : A . Red v er-

tices : T . Green v ertices : F . V ertex of T with minimal w eigh t (in b old) is

selected, and transferred to A . The v ertex under it is transferred from F to

T .
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A t an y time, and for ev ery v ertex t , d(t) � U s(t) : indeed (s; : : : p(t); (p(t); t); t)

is a path from s de t , and its length is d(t) .

W e are going to recursiv ely sho w that at an y time 8t 2 A d(t) = Us(t) .

Notice that this prop ert y holds after initialisation.

Let us consider the instan t when a v ertices of T of minimal distance is c hosen.

let us denote b y t0 2 T [ F a v ertex minimising Us(t) . W e ha v e

Us(t0) = min
v2N (t0 )

Us (v)< Us (t0 )

Us(v) + w(v; t0)

F urthermore, if v =2 A , then Us(v) � U s(t0) . Therefore,

Us(t0) � min
v2N (t)\A

Us(v) + w(v; t0)

Let us consider all the up date op eration that o ccurred to t0 un til no w. F or

all neigh b ors v of t0 in A , the op eration d(t0)  minf d(t0); d(v) + w((v; t0))g

to ok place when v w as transferred in A .

W e th us ha v e

d(t0) = min
v2N (t)\A

d(v) + w((v; t0)) = min
v2A[N (t )

Us(v) + w((v; t0)) .

d(t0) = Us(t0) th us holds. F urthermore, for all v in T , d(t0) = Us(t0) �

Us(v) � d(v) .

In particular, d(t0) � d(v) . The inequalit y is strict, unless if Us(t0) = Us(v) .

W e th us can assert that the set of v ertices of T of minimal ev aluated distance

coincides with the set of v ertices of T of minimal actual distance.

The c hosen v ertex t is therefore a v ertex with minimal distance, and w e ha v e

d(t) = Us(t) , whic h concludes the pro of.

Complexi t y Ev ery iteration is of O (p) complexit y . If an unstructured set

is used to implemen t T , the selection of the minimal elemen t in T runs in

linear time with resp ect to the size of T . n iterations b eing necess ary , the

o v erall time complexit y of Dijkstra algorithm is th us de O (n(n+ p)) � O (n2) .

Man y implemen tations w ere prop osed to decrease this complexit y . In parti-

cular, it is in teresting to consider T as a priorit y queue. It can th us b e im-

plemen ted as a he ap [ 217 , 62 ]. A heap is an ordered data structure in whic h

insertion and up date of an elemen t runs in logarithmic time, while access to

the smallest elemen t runs in constan t time. The complexit y of the algorithm

therefore b ecomes O (n(log(n) + p)) .
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Impro ving the running time Other impro v emen ts can b e made to the

running time of the algorithm.

� If one is only in terested in �nding the shortest path b et w een t w o v ertices

s and t , it is p ossible to stop the algorithm as so on as t is transferred to A

� whic h can bring a substan tial gain of time b y a v oiding the exploration

of a large part of the graph.

� If a prior for distance map is a v ailable, it is p ossible to use meta-heuristics

suc h as A �
algorithm, whic h allo ws to guide the exploration of the graph

in a supp osedly �go o d� direction [ 150 ].

� When no precise prior is a v ailable, if one is only in terested in quic kly �nding

an appro ximation of shortest paths, it is p ossible to use Best First Se ar ch -

lik e algorithms, whic h guide the exploration in some direction heuristically

� and stops as so on as the target p oin t t is reac hed [ 150 ].
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I I.2 F rom discrete to con tin uous � a �rst at-

tempt

Let us consider the problem describ ed in I.3.1.3 for 
 = [ � 1; 1]� [� 1; 1] � R2

with a p oten tial P . In this section, w e presen t a �rst attempt to solv e a

discretized v ersion of this problem.

Let us discretize 
 with a regular grid with step h = 1=N :

�
i

N ; j
N j � N � i; j � N

	
.

W e build a graph whic h v ertices corresp ond to the grid p oin ts � and whic h

edges link all p oin ts in a 4-neigh b orho o d (�gure 2.2 ).

Fig. 2.2 � Lo cal neigh b orho o d system with 4 neigh b ors : the 4 red v ertices

are neigh b ors of the blue v ertex.

Then w e discretize the Eik onal Equation

kr Uk = P (I I.2.1)

along the edges.

Let us consider t w o adjacen t p oin ts x and y . W e then ha v e :

�
�
�
�
U(x) � U(y)

h

�
�
�
� � P(x) (I I.2.2)
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and

U(x) � U(y) + hP(x) or U(x) � U(y) � hP(x) (I I.2.3)

In view of up dating U(x) from U(y) , w e ha v e the constrain t U(x) > U (y) ,

and with th us select the �rst equation.

Let us de�ne the w eigh t of an edge (x; y) as w(x; y) def. = hP(x) . The obtained

graph is then �compatible� with the con tin uous problem, in the sense that

the length of a path in the graph is equal to the length of the corresp onding

geometric path in the plane.

Therefore, w e can apply Dijkstra algorithm to this graph in order to compute

distance maps and shortest paths (a similar formalism is prop osed in [ 98 , 101 ]

).

When the p oten tial is uniform, man y shortest paths exist b et w een t w o dif-

feren t p oin ts, and they can b e distan t from the actual straigh t line shortest

path (�gure 2.3 ).

Fig. 2.3 � Shortest paths obtained b y Dijkstra algorithm with a 4-neigh b ors

system, for a uniform p oten tial. The obtained shortest paths (in blue) b et-

w een the t w o blue p oin ts are distan t from the actual shortest path (red).

Figure 2.4 sho ws the result obtained b y this metho d for a uniform p oten tial

o v er a bigger grid, with s = (0 ; 0).

Prop osition I I.2.0.3

After the exe cution of Dijkstr a algorithm for a discr etization step N , , the

appr oximation dN of Us is e qual to dN
�

i
N ; j

N

�
= j i j

N + j j j
N .

In particular, as the discretization is re�ned, if w e denote for all (x; y) 2

[� 1; 1]2 dN (x; y) def. = dN

�
bNx c

N ; bNy c
N

�
, w e ha v e lim

N ! + 1
dN (x; y) = jxj + jyj =
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Fig. 2.4 � Results obtained b y Dijkstra algorithm with a 4-neigh b ors system

for a uniform p oten tial o v er a 100� 100 grid, starting p oin t s b eing at the

cen tre. L eft : distance map ( Us ). R ight : distance map ( Us ) along with lev el

sets (red), and some shortest paths from di�eren t p oin ts to s (cy an)

k(x; y)k1 .

The tra jectories are constrained to the axis directions � and th us this metho ds

outputs an appro ximation of Manhattan distance from s ( t ! k s � tk1 )

instead of the correct Us = t ! k s � tk2 distance.

It is p ossible to consider bigger neigh b orho o d-systems, so that tra jectories

should follo w more precise directions. F or example, one can consider 8 or 16

neigh b ors for a generic p oin t (�g 2.5 ).

Fig. 2.5 � Lo cal neigh b orho o d-systems with 8 (left) and 16 (righ t) neigh b ors.

F or b oth �gures, red v ertices are neigh b ors of the blue one.

A t the sak e of an increase of running time, on t can th us impro v e the qualit y
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of computed solutions (�g 2.6 ) � in particular when the neigh b orho o d-system

increases, lev el-sets get closer to circles, and the distance map gets closer from

its theoretical v alue. Figure 2.7 also sho ws some results for a plane separated

in t w o half-planes with constan t p oten tials (1 and 4). The precision of the

results increase while the neigh b orho o d-system b ecome more imp ortan t, but

the paths coming from the lo w er half-plane are still con v erging near the

in terface, whic h is con tradictory with the Snell-Descartes la w.

Figures 2.14 (top) and 2.15 (b ottom) sho w errors obtained b y the algorithm

with di�eren t neigh b oring-systems for a uniform p oten tial. Qualit y of the

results impro v es as exp ecte d . Still, for all the considered systems, the tra-

jectories are still constrained to follo w a discrete set of directions, and the

algorithm remains unable to ev aluate distances correctly on other directions,

ev en in re�ning the discretization.

F urthermore, if one whic h to increase the n um b er of p ossible direction, one

need to consider from eac h p oin t neigh b ors further a w a y . If the p oten tial if

v arying quic kly , this will result in a loss of precision � the neigh b orho o d-

system establishes links b et w een spatially far a w a y p oin ts, p oten tially losing

precise v alue of p oten tial b et w een these t w o p oin ts.
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Fig. 2.6 � Distance maps, lev el sets and shortest paths for a uniform p oten-

tial. T op : 4 neigh b ors. Midd le : 8 neigh b ors. Bottom : 16 neigh b ors.
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Fig. 2.7 � Distance maps, lev el sets and shortest paths for a plane separa-

ted in t w o half-planes with constan t p oten tials (1 and 4). T op : 4 neigh b ors.

Midd le : 8 neigh b ors. Bottom Notice that ev en for the 16 neigh b ors exp e-

rimen t, tra jectories in the b ottom half-plane are still far a w a y from the true

solution.
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I I.3 F ast-Marc hing on a regula r grid

The solution prop osed in the last section is not fully satisfactory . Another

metho d, based on the acceleration of n umerical sc hemes � through ideas ins-

pired from Dijkstra algorithm � w as prop osed in [ 187 ]. This approac h �

called F ast-Mar ching � is a con tin uous v ersion of the algorithms prop osed in

the previous sections. It w as initially written for the 2D case. The general

road map for F ast-Marc hing algorithm is basically the same than for Dijkstra

algorithm. A more precise up date step allo ws to relax the constrain t of pro-

pagation in a �nite n um b er of directions. In this section, w e will presen t the

algorithm on a regular grid in 2D. The n umerical sc heme is equiv alen t to the

one prop osed in [ 187 ] � despite a di�eren t shap e � whic h will allo w a direct

generalisation to more complex cases. W e will prop ose a con v ergence pro of

for our sc heme � whic h will b e easily extensible to nD and to anisotropic

p oten tials.

I I.3.1 Up date step

The whole idea b ehind F ast-Marc hing up date step is to b ypass the constrain t

of propagation along the edges (�gure 2.8 .)

Fig. 2.8 � F rom Dijkstra to F ast-Marc hing

Let us consider E = [ � 1; 1]2 , discretized with a regular square grid with

step h , and a p oin t (i; j ) on the discretization. Its 4 neigh b ors are (i + h; j ) ,

(i � h; j ) , (i; j + h) and (i; j � h) . These �v e p oin ts de�ne four triangles

f S(2)
i gi 2 [1::4] and four edges f S(1)

i gi 2 [1::4] (�gure 2.9 ).

It is p ossible to discretize the Eik onal equation on eac h of the triangles.

As an example, on S(2)
1 , w e obtain



54 Shortest paths computation

S(2)
1

(i � h; j )

(i; j � h)

S(2)
2

(i; j )
S(2)

3 S(2)
4

(i; j + h)

(i + h; j )

Fig. 2.9 � Neigh b orho o d system induced b y 4 neigh b ors in 2D.

r U �
�

U(i + h; j ) � U(i; j )
h

;
U(i; j + h) � U(i; j )

h

�
(I I.3.1)

and

(U(i + h; j ) � U(i; j ))2 + ( U(i; j + h) � U(i; j ))2 = h2P(i; j )2
(I I.3.2)

denoting u def. = U(i; j ) , w e ha v e

2u2 � 2u(U(i + h; j )+ U(i; j + h))+ U(i + h; j )2 + U(i; j + h)2 � h2P(i; j )2 = 0

(I I.3.3)

The quadratic equation has 0, 1 or 2 solutions dep ending on the sign of

� 0 def. = 2h2P(i; j )2 � (U(i + h; j ) � U(i; j + h))2
.

F urthermore, w e wish to ha v e u � U(i + h; j ) and u � U(i; j + h) . The sum

of the ro ots of the equation b eing U(i + h; j ) + U(i; j + h) , only the biggest

ro ot u2 can satisfy this condition. W e ha v e

u2 =
U(i + h; j ) + U(i; j + h) +

p
� 0

2
(I I.3.4)

A simple calculation sho ws that a su�cien t condition so that u2 � maxf U(i +

h; j ); U(i; j + h)g is

(U(i + h; j ) � U(i; j + h))2 � h2P(i; j )2: (I I.3.5)
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Notice that this condition is stronger than the p ositivit y condition of � 0
.

T o sum up, w e de�ne :

� (2)
P : (x; y) 2 R2 7!

(
x+ y+

p
2P 2 � (x � y)2

2 if (x � y)2 � P2

+ 1 otherwise

(I I.3.6)

s(2)
1

def. = � (2)
hP (i;j )(U(i + h; j ); U(i; j + h)) (I I.3.7)

In other w ords, s(2)
1 is + 1 or a v alue :

� whic h mak es the Eik onal equation true in the triangle,

� whic h is sup erior to the v alues of other v ertices of the triangles.

Similarly , let us de�ne s(2)
2 ; s(2)

3 and s(2)
4 the solutions in the triangles S(2)

2 ,

S(2)
3 and S(2)

4 :

s(2)
2

def. = � (2)
hP (i;j )(U(i � h; j ); U(i; j + h))

s(2)
3

def. = � (2)
hP (i;j )(U(i � h; j ); U(i; j � h))

s(2)
4

def. = � (2)
hP (i;j )(U(i + h; j ); U(i; j � h))

(I I.3.8)

Let us also de�ne f s(1)
i gi 2 [1::4] as the up date v alues obtained b y discretizing

the Eik onal equation along the edges f S(1)
i gi 2 [1::4] :

� (1)
P : x 2 R 7! x + P (I I.3.9)

s(1)
1

def. = � (1)
hP (i;j )(U(i + h; j ))

s(1)
2

def. = � (1)
hP (i;j )(U(i; j + h))

s(1)
3

def. = � (1)
hP (i;j )(U(i � h; j ))

s(1)
4

def. = � (1)
hP (i;j )(U(i; j � h))

(I I.3.10)

Let us de�ne

� P : (a; b; c; d) 2 R4 !

minf � (2)
P (a; b); � (2)

P (b; c); � (2)
P (c; d); � (2)

P (d; a); � (1)
P (a); � (1)

P (b); � (1)
P (c); � (1)

P (d)g

(I I.3.11)
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The up date sc heme of F ast-Marc hing algorithm consists in computing the

solutions of Eik onal equation in all triangles and edges, and to select the

minimal v alue among them.

U(i; j )  min
i =1 ::2
j =1 ::4

f s(i )
j g = � hP( i;j )

(U(i + h; j ); U(i; j + h); U(i � h; j ); U(i; j � h))

(I I.3.12)

Notice that the up date sc heme in Dijkstra algorithm is

U(i; j )  min
j =1 ::4

f s(1)
j g (I I.3.13)

Let us recall that in Dijkstra algorithm, the up date step could b e re�ned

b y considering only neigh b ors with a v alue smaller than the curren t p oin t

(prop ert y I I.1.1.2 ).

The same reasoning holds in the curren t situation : indeed, for all j 2 [1::4],

if w e denote b y S(1)
j the edge (( i; j ); A) , s(1)

j > U (A) , and if w e denote b y S(2)
j

the triangle (( i; j ); A; B ) , s(1)
j > maxf U(A); U(B)g. An edge or a triangle

cannot b e tak en in to accoun t in the up date if the v alue of one of its v ertices

is strictly sup erior to the curren t v alue of (i; j ) .

let us denote b y

S� (i; j )

the set of edges or triangles whic h are adjacen t to (i; j ) and suc h that all its

v ertices distinct from (i; j ) ha v e a v alue inferior to U(i; j ) .

Then, the up date step is equiv alen t to :

U(i; j )  min
S( i )

j 2S � (i;j )
f s(i )

j g (I I.3.14)

This form ulation, in addition to allo wing to sa v e up computations, will also

b e useful in the con v ergence pro of.

This up date state can b e p erformed iterativ ely for all the discretization

p oin ts. Ho w ev er � as for Dijkstra algorithm � one can use causalit y in order

to c ho ose a more clev er order.

F ast-Marc hing algorithm is syn thes ised on �gure 5 .

As in Dijkstra algorithm case, in order to a v oid unneces s ary op erations, the

up date step can b e p erformed b y taking in to accoun t only triangles/edges
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Algorithm 5 F ast-Marc hing

Input:

�
i

N ; j
N j � N � i; j � N

	
as a discretization of [0; 1]2 . s 2 S.

Output: 8t 2 V d(t) = Us(t)

Initialization:

Set d(s) = 0 and d(t) = + 1 for all t 6= s. Set A = ; , T = f sg and

F = Vnf sg.

while there exists t 2 T do

Select t 2 T suc h that d(t) is minimal.

T  Tnf tg, A  A [ f tg

for all v 2 N (t)nA do

if v 2 F then

F  F nf vg, T  T [ f vg

end if

up date v using equation ( I I.3.14 ).

end for

end while

that con tains the curren t p oin t � and in the case of triangles, suc h that the

remaining p oin t b elongs to A .

Complexi t y . The analysis p erformed for Dijkstra algorithm holds. It sho ws

that the complexit y of this algorithm is O (Nlog(N )) , where N is the n um b er

of p oin ts explored b y the algorithm.

I I.3.2 Con v ergence pro of

In this section, w e will pro v e the con v ergence of this n umerical sc heme, i.e.

pro v e that when the discretization step h tends to w ard 0, the solution compu-

ted b y the algorithm tends to w ard the viscosit y solution of Eik onal equation.

Notice that another con v ergence pro of is giv en in [ 174 ] � the authors are

using a di�eren t but equiv alen t form ulation for the up date step. The b ene�t

of our framew ork resides in the ease of generalisation of b oth the sc heme and

the con v ergence pro of to more complex cases.

Let us de�ne
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S(h; (x; y); t; U) def. =

min
i =1 ::2
j =1 ::4

f s(i )
j g � t

h

=
� hP( x;y )

(U(x + h; y); U(x; y + h); U(x � h; y); U(x; y � h)) � t

h
(I I.3.15)

The up date sc heme ( I I.3.12 ) can th us b e rewritten :

S(h; (i; j ); U(i; j ); U) = 0 (I I.3.16)

The complete con v ergence pro of lies on t w o steps.

� Pro ving that an y �x-p oin t of the discrete problem I I.3.12 tend to w ard the

viscosit y solution of ( I I.2.1 ) � whic h is mainly a sp eci�c case of a general

pro of made in [ 9 ] and tak en up b y [ 174 ].

The pro of is based on three c haracteristics of the sc heme ([ 9 ]) :

� monotony of the up date sc heme I I.3.12 , whic h can b e en unciated as

follo ws :

( I I.3.16 ) is monotonous if and only if

U � V ) S(h; (i; j ); t; U) � S(h; (i; j ); t; V )

� stability of I I.3.12 : the sc heme is stable if the solution to the discrete

problem exists, and is b ounded with a b ound indep enden t from the

discretization step.

� c onsistency of I I.3.12 � whic h denote the fact that I I.3.12 is a discreti-

zation of Eik onal equation or an equiv alen t equation. In our case, this

can b e written

lim
h! 0

(x0;y0)! (x;y )
� ! 0

S(h; (x0; y0); ' (x0; y0) + �; ' + � ) = H (r '; (x; y))

for ev ery function ' 2 C1
b ounded o v er E , and where

H (r '; (x; y)) = 0

is equiv alen t to Eik onal equation ( H is called Hamiltonian asso ciated

with the Eik onal equation).
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� Pro v e that the ordering of up dates allo ws to compute suc h a �x-p oin t. The

reasoning is somewhat similar to the one made during Dijkstra algorithm

pro of. Notice that the �rst demonstration of this fact w as giv en in [ 187 ],

y et with a di�eren t pro of.

Some results. Some preliminary results will b e needed during the con v er-

gence pro of.

Let us de�ne 
 P = f (x; y) 2 R2 j (x � y)2 � P2g, 
 +
P = f (x; y) 2 R+ 2 j x �

y et (x � y)2 � P2g and 
 �
P = f (x; y) 2 R+ 2 j x � y et (x � y)2 � P2g.

Lemma I I.3.2.1 Pr op erties of � (2)
P

L et (x; y) 2 
 P .

� � (2)
P is c ontinuous over 
 P .

� if (x; y) 2 
 P , a 7! � (2)
P (x + a; y + a) is non-de cr e asing over R+

.

� if (x; y) 2 
 P , a 7! � (2)
P (x + a; y) is non-de cr e asing over R+

.

� if (x; y) 2 
 P , a 7! � (2)
P (x; y + a) is non-de cr e asing over R+

.

� if (x � y)2 = P2
, � (2)

P (x; y) = min f x; yg + P .

These prop erties are illustrated on �gure 2.10 .
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 �
P


 +
P

Fig. 2.10 � Illustration of some prop erties of � (2)
: the function is non-

decreasing in all the directions indicated b y blue arro ws.
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Lemma I I.3.2.2 Pr op erties of � (1)
P

� � (1)
P is c ontinuous over R.

� � (1)
P is non-de cr e asing over R.

W e can therefore deduce the follo wing prop erties for � P

Lemma I I.3.2.3 Pr op erties of � P

� � P is c ontinuous over R4
.

� � P is a non-de cr e asing function of e ach of its variables.

Pro of :

� Using the con tin uit y of � (1)
P and � (2)

P , � P is con tin uous ev erywhere, except p ossibly in

p oin ts suc h that (a � b)2 = P2
, (b � c)2 = P2

, (c � d)2 = P2
or (d � a)2 = P2

. As an

example, let us assume that (a � b)2 = P2
and a > b . Then w e ha v e a = b+ P

Then � (2)
P (a; b) = a+ b+

p
P 2

2 = 2a+2 P
2 = a + P = � (1)

P (a) .

Similarly , if a < b , w e get � (2)
P (a; b) = � (1)

P (b) .

The � (1)
mappings �stic k� con tin uously on the b order of the set where � (2) < + 1 , whic h

sho ws that � P is con tin uous at those p oin ts.

� The gro wing of � results from the gro wing of � (1)
P and � (2)

P .

�

Con tin uit y can b e geometrically in terpreted in the follo wing w a y : let us

assume that for curren t v alues of U(i � h; j � h) , the up date is done from the

the (( i; j ); (i + h; j ); (i; j + h)) triangle � I I.3.5 b eing true in this triangle. Let

us also assume that U(i + h; j ) increases un til equalit y is reac hed in I I.3.5 .

Then, the solution is equal to U(i + h; j ) , i.e. the gradien t of U est collinear

with (( i; j ); (i; j + h)) . The up date v alue for the triangle is then equal to the

up date v alue for the (( i; j ); (i; j + h)) edge (�gure 2.11 ).

Up dates from edges are therefore c ontinuously taking o v er from the up dates

from triangles when the laters b ecome imp ossible.

W e no w presen t the con v ergence pro of of the algorithm :

Pro of :

monoton y :

F ollo ws immediately from prop osition I I.3.2.3 .

stabilit y :

The existence of a solution of discrete problem can b e demonstrated b y b orro wing

an argumen t from [ 174 ].
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b

a

� (2)
P (a; b)

� (2)
P (a; b)

� (2)
P (a; b)

b

a

b

a

Fig. 2.11 � Con tin uit y of � p : the up date step from the � (1)
P (a) edge con ti-

n uously taking o v er from the up dates from � (2)
P (a; b) triangle when the gra-

dien t b ecomes collinear with the edge � after an increase of b.

Let us consider an algorithm whic h apply the up date state to all the p oin ts of

the discretization, in the same order as F ast-Marc hing algorithm, but an in�nite

n um b er of times (whic h corresp ond to the iterativ e v ersion of Dijkstra algorithm

prop osed in I I.1.1 ).

F or ev ery p oin t (i; j ) , d(i; j ) is th us non-increasing, and inferiorly b ounded b y 0.

Therefore it tends to w ard some limit denoted dit (i; j ) .

After an up date step o v er (i; j ) , w e ha v e S(h; (i; j ); U(i; j ); U) = 0 . S(h; (i; j ); t; U )
b eing con tin uous in t and in U , S(h; (i; j ); t; U ) tends to w ard

S(h; (i; j ); dit (i; j ); dit ) along the iterations. F urthermore, after an in�nite n um b er of

iterations, w e ha v e S(h; (i; j ); U(i; j ); U) = 0 . This implies S(h; (i; j ); dit (i; j ); dit ) =
0, and dit is therefore a solution of the discrete sc heme.

dit is inferiorly b ounded b y 0. It is p ossible to sho w the existence of an upp er b ound

whic h dep ends on the diameter of E , on the minimal p oten tial o v er E � whic h is

not zero b y compacit y of E an con tin uit y of the p oten tial.

consistency :

let us consider a function ' C1
b ounded o v er E , (x; y) 2 E , and � 2 R+ �

.

� Firstly , let us note that

s(1)
1 = ' (x0+ h; y) + � + hPx 0y0

(I I.3.17)

and

s(1)
1 � ' (x0; y0) � �

h
=

D + x ' (x0; y0)
h

+ Px 0y0
(I I.3.18)

tends to w ard

dx ' (x; y) + Pxy = � (1)
Pxy

(dx ' (x; y)) (I I.3.19)
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when (x0; y0) ! (x; y) , h ! 0 and � ! 0.

Similarly , for the other edges, w e �nd limits � (1)
Pxy

(� dx ' (x; y)) , � (1)
Pxy

(dy ' (x; y))

and � (1)
Pxy

(� dy ' (x; y)) .

� Let us no w consider S(2)
1 triangle, and let us assume that (dx ' (x; y)� dy ' (x; y))2 <

P2
xy .

P is con tin uous, and ' C1
. F or an y h close enough to 0 and (x0; y0) close enough

to (x; y) , w e th us ha v e (' (x0 + h; y0) + � � ' (x0; y0 + h) � � )2 = ( ' (x0 + h; y0) �
' (x0; y0) + ' (x0; y0) + ' (x0; y0+ h))2 � h2P2

x 0y0 .

Then,

s(2)
1 =

2� + ' (x 0+ h;y 0)+ ' (x 0;y + h0)+
q

2h2 P 2
x 0y 0� ( ' (x 0+ h;y 0) � ' (x 0;y 0+ h)) 2

2

and

s(2)
1 � ' (x0; y0) � �

h
=

D + x ' (x 0;y 0)
h + D + y ' (x 0;y 0)

h +

r

2P2
x 0y0 �

�
D + x ' (x 0;y 0)

h � D � y ' (x 0;y 0)
h

� 2
: (I I.3.20)

When h and (x0; y0) con v erge to w ard their limits, this expression tends to

dx ' (x; y) + dy ' (x; y) +
q

2P2
xy � (dx ' (x; y) � dy ' (x; y))2 =

� (2) (dx ' (x; y); dy ' (x; y)) (I I.3.21)

Similar results can b e obtained for the three remaining triangles :

� if (dx ' (x; y) + dy ' (x; y))2 < P 2
xy ,

s(2)
2 � ' (x 0;y 0) � �

h tends to w ard � (2) (dx ' (x; y); � dy ' (x; y)) .

� if (� dx ' (x; y) + dy ' (x; y))2 < P 2
xy ,

s(2)
3 � ' (x 0;y 0) � �

h tends to w ard � (2) (� dx ' (x; y); � dy ' (x; y)) .

� if (� dx ' (x; y) � dy ' (x; y))2 < P 2
xy ,

s(2)
4 � ' (x 0;y 0) � �

h tends to w ard � (2) (� dx ' (x; y); dy ' (x; y)) .

F urthermore, these results remain true in the cases when (� dx ' (x; y)� dy ' (x; y))2 >
P2

xy � when the limit is + 1 .

� Th us � outside the limit cases where (� dx ' (x; y) � dy ' (x; y))2 = P2
xy , w e ha v e

S(h; (x0; y0); �( x0; y0) + �; � + � ) =
minf s( i )

j � ' (x; y)g

h
!

h! 0
(x 0;y 0) ! (x;y )

� ! 0

� Pxy (dx ' (x; y); dy ' (x; y); � dx ' (x; y); � dy ' (x; y)) (I I.3.22)
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It is p ossible to sho w that this equation still holds in the limit cases : for example,

let us assume that (dx ' (x; y) � dy ' (x; y))2 = P2
xy and dx ' (x; y) > d y ' (x; y) . Let

us consider ((xk ; yk ); hk ; � k ) ! ((x; y); 0; 0).

let us denote b y ((x  (k ) ; y (k ) ); h (k ) ; �  (k ) ) the subsequence made from terms

suc h that (' (x  (k ) + h; y (k ) ) � ' (x  (k ) ; y (k ) + h))2 � h2P2
x  ( k ) y  ( k )

, and

(x  0(k ) ; y 0(k ) ; h 0(k ) ; �  0(k ) ) the complemen tary subsequence.

Let us consider sk = s2
1 � ' (x k ;y k )

h k
. Lik e ab o v e, w e ha v e

lim
k ! + 1

s (k ) = � (2) (dx ' (x; y); dy ' (x; y)) .

F urthermore, w e still ha v e lim
k ! + 1

s(1)
1 � ' (x k ;y k )

h k
= � (1) (dx ' (x; y))

As observ ed during the con tin uit y pro of of � , these t w o quan tities are equal. W e

deduce that

minf s2
1; s1

1g � ' (xk ; yk )
hk

! � (1) (dx ' (x; y)) :

The other cases can b e tac kled in the same w a y . Th us I I.3.22 is v alid for an y

v alue of ' .

The sc heme is th us consisten t with the follo wing Hamiltonian

H (r '; (x; y)) def. = � Pxy (dx ' (x; y); dy ' (x; y); � dx ' (x; y); � dy ' (x; y)) (I I.3.23)

F urthermore, � (1)
and � (2)

b eing non-decreasing, w e ha v e

H (r '; (x; y)) =

minf � (2) (�j dx ' (x; y)j; �j dy ' (x; y)j); � (1) (�j dy ' (x; y)j); � (1) (�j dy ' (x; y)j)g:
(I I.3.24)

One easily sees that H (r '; (x; y)) = 0 if and only if jr ' (x; y)j2 � P2
xy = 0 .

The sc heme is th us consisten t.

ordering :

the pro of of Dijkstra algorithm can b e exactly transp osed here. F or an y p oin t t
of the discretization, let us denote b y dit (t) the distance obtained b y the algo-

rithm describ ed in the stabilit y pro of.. dit is th us a �x-p oin t of the up date sc heme.

F urthermore, w e ha v e d � dit (the �rst iteration corresp ond exactly to the one of

F ast-Marc hing algorithm, and the follo wing iterations can only decrease the v alues

of eac h p oin t.)

Let us consider the F ast-Mar ching algorithm.

W e are going to pro v e inductiv ely that, at an y step of the algorithm, 8t 2 A d(t) =
dit (t) . Notice that this prop ert y holds after the initialisation.
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Let us consider the time when a p oin t with minimal distance is c hosen in T . Let

us consider t0 2 T [ F minimising dit (t) .

let us denote b y

� S � (t0) the set of triangles/edges adjacen t to t0 and suc h that all the p oin ts of

the triangle/edges di�eren t from t ha v e a v alue smaller than dit (t0) ,

� S A (t0) the set of triangles/edges adjacen t to t0 and suc h that all the p oin ts of

the triangle/edges di�eren t from t are in A .

dit v eri�es I I.3.14 . Th us, w e ha v e

dit (t0) = min
S i

j 2S � ( t 0 )
si

j (dit )

F urthermore, if v =2 A , w e ha v e dit (v) � dit (t0) .

W e deduce dit (t0) � min
S i

j 2S A ( t 0 )
sit

i
j (dit )

Let us consider all the up date op eration that o ccurred to t0 un til no w. The up date

from a triangle or an edge in SA (t0) o ccurred when the last v ertex but one of this

triangle or this edge w as transferred in A .

W e then ha v e d(t0) = min
S i

j 2S A ( t 0 )
si

j = min
S i

j 2S A ( t 0 )
si

j (dit )

b y h yp othesis.

Then d(t0) � dit (t0) . F urthermore, for all v in T , d(t0) � dit (t0) � dit (v) � d(v) .

In particular, d(t0) � d(v) . This inequalit y is strict, unless if dit (t0) = dit (v) . W e

th us can assert that the set of v ertices of T of minimal ev aluated distance coincides

with the set of v ertices of T of minimal actual distance.

The c hosen v ertex t is therefore a v ertex with minimal distance, and w e ha v e d(t) =
dit (t) , whic h concludes the pro of.

�

The monotonicit y condition will b e the main obstacle to the generalisation

of F ast-Marc hing algorithm to more general Riemannian manifolds.

I I.3.2.1 Impro ving the running time

The calculation ( I I.3.12 ) request up to four resolutions of second degree equa-

tions. It is p ossible to reduce this amoun t of op erations.

Let us de�ne Ax = ( i � 1; j ) and A0
x = ( i + 1; j ) if U(i � 1; j ) � U (i + 1; j ) ,

Ax = ( i + 1; j ) , and A0
x = ( i � 1; j ) otherwise. Similarly , let us de�ne Ay and

A0
y . Up to a switc h of t w o co ordinates, w e can assume that Ay � Ax . Figure

2.12 illustrates t w o p ossible con�gurations of s(2)
1 , s(2)

2 , s(2)
3 and s(2)

4 . Let us
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Ax

Ay

A0
x

A0
y

+ 1

+ 1
(x = y)

(x � y = hP)

� (2) (A x ; A y )

� (2) (A x ; A 0
y ) � (2) (A0

x ; A 0
y )

� (2) (A0
x ; A y )

� (1) (A x )

� (1) (A0
x )

� (1) (A0
y )

� (1) (A y )

(y � x = hP)
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Ax

A0
y

A0
x

Ay

+ 1

+ 1
(x = y)

(y � x = hP)

(x � y = hP)

� (2) (A x ; A 0
y )

� (2) (A x ; A y )

� (1) (A x )

� (1) (A0
x )

� (1) (A0
y )

� (1) (A y )

� (2) (A0
x ; A 0

y )

� (2) (A0
x ; A y )

Fig. 2.12 � Some p ossible con�gurations for s(i )
j .

note that w e can also dra w p oin ts corresp onding to v alues of s(1)
1 , s(1)

2 , s(1)
3

and s(1)
4 .
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A case-study of the di�eren t con�gurations giv es the follo wing results :

Prop osition I I.3.2.4

minf s(i )
j g is

� either r e ache d for the (( i; j ); Ax ; Ay) triangle if the c orr esp onding value is

�nite,

� or r e ache d for the (( i; j ); Ay) e dge.

T o summarise, w e de�ne

U(i; j )  

8
>>>><

>>>>:

s(2)
� =

U(A x )+ U(A y )+
p

2h2P (i;j )2 � (U(A x )� U(A y )) 2

2

if (U(Ax ) � U(Ay))2 � h2P(i; j )2

s(1)
� = min f U(Ax ); U(Ay)g + hP(i; j )

otherwise

whic h reduces the n um b er of op erations to p erform with resp ect to ( I I.3.12 )

to at most one resolution of a quadratic equation.

Despite the di�eren t form ulation, this sc heme is equiv alen t to the one pro-

p osed in [ 188 , 174 ] :

(maxf Ui;j � Ui � 1;j ; Ui;j � Ui +1 ;j ; 0g)2+(max f Ui;j � Ui;j � 1; Ui;j � Ui;j +1 ; 0g)2 = P2
(i;j )

(I I.3.25)

Other impro v emen ts of the running time ha v e b een prop osed, most of them

inspired b y v ariations of Dijkstra algorithm.

� When one is willing to compute a shortest path b et w een t w o p oin ts, it is

p ossible to stop the fron t propagation when the second p oin t is reac hed.

Another approac h consists in propagating fron ts sim ultaneously from b oth

p oin ts, and to stop when the t w o fron ts in tersect. A gradien t descen t from

the in tersection in eac h fron t will then giv e an appro ximation of the shor-

test path b et w een the t w o considered p oin ts [ 50 ].

� In the same article, a freezing strategy is prop osed � whic h allo ws to stop

fron t propagation in high-p oten tial areas.

� Inspired b y Best First Se ar ch algorithm, [ 156 ] prop oses to use heuristics

to driv e the propagation of the fron t in the correct direction.
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� A t the sak e of a sligh t lost of precision, [ 219 ] has sho wn the p ossibilit y of

implemen ting the algorithm with a O (n) time complexit y , using a untidy

priority queue data structure instead of a heap to implemen t T .

Notice that all these strategies can also b e applied to the more general v er-

sions of F ast-Marc hing algorithm w e will describ e in the sequel.

I I.3.3 Increasing the neigh b orho o d system

Ev en if con v ergence of this algorithm is pro v ed when the discretion steps

con v erges to w ard 0, it is not an exact algorithm. Figures 2.14 and 2.15 sho w

errors obtained b y the algorithm. Unlik e the results obtained b y Dijkstra

algorithm, w e can observ e that the relativ e error v anishes as w e mo v e a w a y

from the origin. This means dually that � for a constan t p oten tial � the

ev aluated distance map con v erge to w ard its theoretical v alue when the the

discretization step tends to w ard zero.

The n umerical error of the algorithm is more imp ortan t in the neigh b orho o d

of s, in directions where no edges are presen t in the neigh b orho o d system. Not

unlik e the case of Dijkstra algorithm, it is p ossible to impro v e the precision of

the algorithm b y considering a more imp ortan t neigh b orho o d system (�gure

2.13 ) � as prop osed in [ 46 ]. The presen ted system consists in 8 triangles and

8 edges.

S(2)
2

S(2)
1

S(2)
3

S(2)
5

S(2)
6

S(2)
7

S(2)
8

(i � 1; j + 1) ( i; j + 1) ( i + 1; j + 1)

(i � 1; j )

(i � 1; j � 1)

(i; j ) ( i + 1; j )

(i; j � 1) (i + 1; j � 1)

S(2)
4

Fig. 2.13 � 8-neigh b ors system for 2D F ast-Marc hing

The F ast-Marc hing algorithm remains the same. The up date sc heme consists
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in selecting the triangle or the edge whic h pro duces the minimal v alue. Ho-

w ev er, the are t w o di�erences with the previously exp osed algorithm :

� W e need to compute up date v alues for triangles with a di�eren t shap e

� and therefore to �nd an equiv alen t of I I.3.1 for those triangles. It is a

sp eci�c case of a more general equation w e will in tro duce in section I I.4 .

� It is not p ossible to reduce the amoun t of necess ary calculations as m uc h

as in the previous case.

I I.3.4 Numerical results

W e compare n umerical results obtained b y the metho ds exp osed in the pre-

vious sections.

Figures 2.14 and 2.15 sho ws results obtained b y the increase of the neigh b o-

rho o d system. Figure 2.16 presen ts similar results for a space consisting of

t w o half-planes with uniform p oten tials 1 and 4 � for whic h it is p ossible to

compute the distance map with arbitrary precision.

Increasing the neigh b orho o d system results in an impro v emen t of the results

obtained b y Dijkstra algorithm. Ho w ev er, as sho wn in 2.15 , the error do es not

v anish as w e mo v e a w a y from the origin � or dually when the the discretiza-

tion step tends to w ard zero. On the opp osite, it is the case for appro ximation

computed b y F ast-Marc hing algorithm.

Figure 2.17 sho ws some shortest paths computed from the distances maps.

I I.3.5 Generalisation to nD

It is straigh tforw ard to generalise the presen ted algorithm to arbitrary di-

mension.

Let us consider a n -dimensional space, discretized with a regular grid, and

a neigh b orho o d system consisting of 2n neigh b ors. Suc h a system de�nes

K n
def. = 2n

simplices of dimension n , K n� 1
def. =

� n
1

�
2n� 1 = n2n� 1

simplices of

dimension n � 1 . . . K 1
def. = 2

� n
n� 1

�
= 2n simplices de dimension 1 � i.e. 3n � 1

simplices (�gure 2.18 sho ws some of these simplices in the case of dimension

4). These simplices are a generalisation of triangles and edges in dimension

2.
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Fig. 2.14 � Relativ e errors obtained b y the di�eren t algorithms for a uniform

p oten tial o v er a regular 100� 100 grid. L eft c olumn, top to b ottom : the

p oten tial, F ast-Marc hing with 4 neigh b ors, F ast-Marc hing with 8 neigh b ors.

R ight c olumn, top to b ottom : Dijkstra with 4 neigh b ors, Dijkstra with 8

neigh b ors, Dijkstra with 16 neigh b ors. All the images are represen ted with

the same gra y lev el scale : blac k : 0%, white : � 40%
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Fig. 2.15 � Relativ e errors obtained b y the di�eren t algorithms for a uniform

p oten tial o v er a regular 100� 100 grid. T op : maxim um of relativ e error for

a �xed distance to origin. Bottom : L 2 norm of relativ e error for a �xed

distance to origin.
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Fig. 2.16 � Relativ e errors obtained b y the di�eren t algorithms for a

piecewise-constan t p oten tial o v er a regular 100� 100 grid. L eft c olumn, top

to b ottom : the p oten tial, F ast-Marc hing with 4 neigh b ors, F ast-Marc hing

with 8 neigh b ors. R ight c olumn, top to b ottom : Dijkstra with 4 neigh b ors,

Dijkstra with 8 neigh b ors, Dijkstra with 16 neigh b ors. All the images are

represen ted with the same gra y lev el scale : blac k : 0%, white : � 40%
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Fig. 2.17 � Shortest paths obtained for a constan t p oten tial ( top ), and for a

piecewise constan t p oten tial ( b ottom ), for the F ast-Marc hing algorithm with

4 ( left ) and 8 ( right ) neigh b ors.

It is p ossible to discretize the Eik onal equation on eac h simplex, and th us to

obtain a generalisation of ( I I.3.1 ) and ( I I.3.3 ). Let us consider a simplex S(k)
l

of dimension k , and let us denote b y v1 : : : vk the v alues on its v ertices. Let

us de�ne u = U(i 1; i2 : : : in ) . W e ha v e

r U �
�

v1 � u
h

; : : :
vk � u

h

�
(I I.3.26)

and

ku2 � 2u
kX

i =1

vi +
kX

i =1

v2
i � h2P(i; j )2

(I I.3.27)
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1

S(1)
1x

Fig. 2.18 � Some simplices adjacen t to x in dimension 3.

Prop erties sho wn in 2D can easily b e generalised.

In the case when

� 0 def. = (
kX

i =1

vi )2 � k(
kX

i =1

v2
i ) + kh2P(i; j )2

= kh2P(i; j )2 �
1
2

 
kX

i =1

kX

j =1

(vi � vj )2

!

� 0 (I I.3.28)

the bigger solution of this equation is

u2
def. =

� P k
i =1 vi

�
+

p
� 0

n
(I I.3.29)

In the case when � 0 � 0, w e th us ha v e

u2 � vl

,
P k

i =1 (vi � vl ) � 0 or

� P k
i =1 (vi � vl )

� 2
� h2� 0 (C l )

If the set C of all conditions (C l ) is v eri�ed, w e ha v e � 0 � 0 ha v e 8l u2 � vl .

W e th us de�ne
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� (k)
P : (x i ) 2 R2k 7!

8
<

:

P k
i =1 x i +

q
kP 2 � 1

2

P k
i =1

P k
j =1 (x i � x j )2

2 if C 1

+ 1 otherwise

(I I.3.30)

s(k)
l

def. = � (2)
hP (i;j )(U(i 1 + h : : : i k : : : in ) : : : U(i 1 : : : ik + h : : : in )) (I I.3.31)

and

� P (a+
1 ; : : : a+

n ; a�
1 ; : : : a�

n ) 2 R+ 2n def. = min
k=1 ::n

a�
i 1

:::a �
i k

f � (k)
P (a�

i 1
: : : a�

i k
)g (I I.3.32)

Therefore, w e use the follo wing up date sc heme :

U(i 1; : : : in )  min
i =1 ::k

j =1 ::K i

f s(i )
j g = � hP( i;j )

(U(i 1 + h; : : : ; in ); : : : ; U(i 1; : : : ; in + h);

U(i 1 � h; : : : ; in ); : : : ; U(i 1; : : : ; in � h))

(I I.3.33)

As in the case of 2D, it is p ossible to restrict the calculations to simplices

suc h that their v ertices ha v e v alues smaller than curren t v alue U(i; j ) .

The algorithm is then the same as in dimension 2.

Complexi t y . The up date state requires 3n
total computations for eac h

v ertex. The complexit y of the algorithm is th us a priori O (N (log(N )+ n3n )) ,

where N is the n um b er of v ertices explored b y the algorithm.

Correctness. The 2D pro of can b e exactly transp osed. It mainly relies on

the follo wing lemma :

Lemma I I.3.5.1

� � P is c ontinuous.

� � P is non-de cr e asing in e ach of its variables.

1

F or practical purp oses, in order to c hec k this condition, one just need to compute the

maximal solution of the equation. If this solution exists and is bigger than all the vi , then

C holds.
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Pro of :

� As in the 2D case, con tin uit y is deriv ed from the study of connections at p oin ts b elonging

to the b order of C conditions. More precisely , w e can sho w that if equalit y holds in (C l ) ,

the solution obtained on the curren t simplex is equal to the solution obtained on the sub-

simplex obtained b y remo ving the l th

v ertex. This generalises the prop ert y illustrated

b y �gure 2.11 :

Assume that w e are on the b order of the domain de�ned b y C . Then there exists l suc h

that

� P k
i =1 (vi � vl )

� 2
= h2� 0

,

P k
i =1 (vi � vl ) � 0 and u2 = vl . After some calculations,

w e can write

vl =

P
i 6= l vi +

q
(k � 1)h2P2

xy � 1
2

P
i 6= l

P
j 6= l (vi � vj )2

k � 1

hence

u2 = vl =

P
i 6= l vi +

q
(k � 1)h2P2

xy � 1
2

P
i 6= l

P
j 6= l (vi � vj )2

k � 1
;

whic h corresp onds with the solution on the sub-simplex obtained b y remo ving the l th

v ertex (this solution b eing clearly bigger than vi for all i 6= l ).

� Gro wing is deriv ed from gro wing of the � (k )
functions with resp ect to eac h of their

v ariables in the domain where they are �nite.

�

The con v ergence pro of is no w exactly parallel to the one in 2D : stabilit y

and ordering are pro v ed in the same w a y . Monoton y of the sc heme comes

from monoton y of � P . In order to pro v e consistency , w e can demonstrate as

in dimension 2 that if w e de�ne

S(h; (x1; : : : ; xn ); t; U) def. ==
� hP( x;y )

(U(x1 + h; : : : xn ); : : : ) � t

h
(I I.3.34)

then w e ha v e

lim
h! 0

(x0
1 ;:::;x 0

n )! (x1 ;:::;x n )
� ! 0

S(h; (x0; y0); ' (x0; y0) + �; ' + � ) =

� hP( x;y )
(d1' (x; y); : : : dn ' (x; y); � d1' (x; y); � � � � dn ' (x; y); ):

(I I.3.35)

This quan tit y v anishes if and only if r ' satis�es the Eik onal equation.
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I I.3.5.1 Impro ving the running time

The computation of ( I I.3.33 ) requires up to the resolution of 3n
quadratic

equations. As in the 2D case, it is p ossible to reduce this n um b er of op era-

tions.

Let us de�ne Ak = ( i 1 : : : ; ik+ h; : : : in ) if U(i 1 : : : ; ik+ h; : : : in ) � U(i 1 : : : ; ik �

h; : : : in ) , and U(i 1 : : : ; ik � h; : : : in ) otherwise. Up to a p erm utation of co or-

dinates, w e can assume that U(A1) � � � � � U(An ) .

W e then de�ne

S(n)
� = (( i 1 : : : in ); A1; : : : An )

S(n� 1)
� = (( i 1 : : : in ); A1; : : : An� 1)

: : :

S(1)
� = (( i 1 : : : in ); A1)

(I I.3.36)

and sn
� : : : s1

� the corresp onding v alues.

W e th us ha v e the follo wing result � whic h generalise the result obtained in

I I.3.2.1 :

Prop osition I I.3.5.2

� F or al l k 2 [1::n], for al l simplex S(k)
l of dimension k , if s(k)

� 6= 1 then

sk
� � s(k)

l .

� F or al l k 2 [2::n] if s(k)
� 6= + 1 , then s(k� 1)

� 6= + 1 and s(k) � s(k� 1)
� .

Pro of :

Comes immediately from monoton y prop erties of � (k )
P in 
 k

P .

�

W e can then use the follo wing algorithm to compute the up date step � whic h

w as prop osed in the app endix of [ 99 ] :

whic h reduces the n um b er of quadratic equations to solv e to n � 1 instead of

3n
.

I I.3.6 A step to w ard anisotrop y

The up date sc heme for an anisotropic is theoretically more complex than

the sc hemes w e studied in the previous sections. It will b e studied in full

generalit y in section I I.4 .



I I.3 F ast-Marc hing on a regular grid 77

Algorithm 6 up date( t )

Input: A v ertex t = ( i 1 : : : in ) .

for k v arying from n to 1 do

Compute s(k)
� .

If s(k)
� 6= 1 , U(i 1 : : : in )  s(k)

� and quit

end for

Ho w ev er, in this section, w e will study a useful sp eci�c case of anisotropic

F ast-Marc hing algorithm on a regular grid � for whic h the principal comp o-

nen ts of the p oten tials are collinear with the grid axis. F or this problem, the

previously exp osed metho d w orks directly . Notice that [ 186 ] rapidly men-

tions a metho d to solv e the equiv alen t problem of �nding distance maps for

isotropic p oten tial on orthogonal irregular grid, without explaining precisely

ho w to solv e the discretized equation.

Let us consider a n dimensional space, discretized with a regular grid. Let

us assume that for an y p oin t, the p oten tial has the follo wing express ion :

g(x)( v ) = � x1v2
1 + � � � + � xn v2

n � i.e. the tensor g has its principal comp onen ts

aligned with the axis of the grid.

Let us consider a simplex S(n)
l of dimension n , and denote b y v1 : : : vn the

v alues on the v ertices. Let us de�ne u = U(i 1; i2; : : : in ) . Injecting the discrete

form of the gradien t in I.3.15 , w e ha v e

nX

i =1

� xi (u � vi )2 = 1 (I I.3.37)

hence

nX

i =1

� xi

�
(u � vi )

h

� 2

= 1 (I I.3.38)

u2

 
nX

i =1

� xi

!

� 2u

 
X

i =1

vi � xi

!

+
nX

i =1

� xi v2
i � h2 = 1 (I I.3.39)

When
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� 0 def. = (
nX

i =1

� xi vi )2 �
nX

i =1

� xi (
nX

i =1

v2
i ) +

kX

i =1

� xi h2P(i; j )2

=
nX

i =1

� xi h2P(i; j )2 �
1
2

 
kX

i =1

kX

j =1

� xi � xj (vi � vj )2

!

� 0 (I I.3.40)

the bigger solution of this equation is

u2
def. =

� P k
i =1 � xi vi

�
+

p
� 0

P n
i =1 � i

(I I.3.41)

The up date step still consists in computing the up date v alues for eac h sim-

plex, and to select the minimal one. Similar calculations as in isotropic case

sho w the monoton y on eac h simplex of the previous express ion � hence w e

can deduce monoton y and con tin uit y of the up date sc heme, and then its

con v ergence .

I I.3.6.1 Impro ving the running time

Impro ving the running time is tougher in this situation.

Ho w ev er, w e can notice that if w e de�ne A = ( i 1 � h; : : : ik + h; : : : i1 �

n) , B = ( i 1 � h; : : : ik � h; : : : i1 � n) , and if w e assert for example that

U(A) � U(B) , computing solutions on simplices con taining A is useless.

Indeed, suc h a solution is bigger than the one in the symmetric simplex

obtained b y replacing A with B .

W e th us de�ne Ak = ( i 1 : : : ; ik+ h; : : : in ) if U(i 1 : : : ; ik+ h; : : : in ) � U (i 1 : : : ; ik �

h; : : : in ) , and U(i 1 : : : ; ik � h; : : : in ) otherwise. Up to a p erm utation of co or-

dinates, w e can assume that A1 � � � � � An .

W e can use the follo wing algorithm to compute the up date v alue :

The total n um b er of quadratic equation to solv e is th us 2n
.

Figure 2.19 sho ws shortest paths and distance maps computed with this

metho d.
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Algorithm 7 up date( t )

Input: A v ertex t = ( i 1 : : : in ) .

Initialization: Set s� = + 1 .

for k v arying from n to 1 do

F or all k -uplet of p oin ts (A i 1 : : : A i k ) , compute the solution s on the

simplex (t; A i 1 : : : A i k ) .

s�  minf s; s� g

end for

U(i 1 : : : in )  s� .

Fig. 2.19 � Distance maps and shortest paths in anisotropic spaces. T op :

horizon tal sp eed is t wice the v ertical sp eed. Bottom : in upp er half-plane,

horizon tal sp eed is t wice the v ertical sp eed. The opp osite holds in b ottom

half-plane.
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I I.4 Anisotro pi c F ast-Marc hing , general case

In this section, w e prop ose a sc heme for the computation of distance maps

and shortest paths in Riemannian manifolds. W e generalise results prop osed

in [ 97 ] et [ 30 ]. This sc heme is directly deriv ed for the ones of previous sections.

It also relies on the computation of solutions for eac h simplices adjacen t to

the curren t p oin t. The smallest solution v erifying conditions whic h generalise

I I.3.5 will b e selected as up date v alue.

W e will also exp ose a con v ergence pro of for a large class of cases. In the

case of isotropic p oten tial, the condition for con v ergence is that for an y p oin t

of the discretization and an y adjacen t simplex, the angles of the simplex at

this p oin t are acute. This is a generalisation of kno wn results in dimension

2 [ 97 , 30 ].

Notice that in the case of a regular grid in dimension 3, our sc heme is equi-

v alen t with the one prop osed in [ 163 ].

I I.4.1 Solution computation in a simplex

Generalising the algorithms of previous section on Riemannian manifolds is

straigh tforw ard. Only the computation of the s(i )
j c hanges. By the w a y , as w e

will �nd out, cases app ear in whic h con v ergence of the metho d is lost.

Inasm uc h as in tro ducing anisotropic p oten tials do es not result in extra di�-

cult y , w e will directly describ e the more general case.

The framew ork of this section in the one describ ed in I.3.1.6 . Let V b e a

Riemannian manifold of dimension n , discretized with a set of p oin ts. W e

consider a neigh b orho o d system around this p oin t, whic h consists of sev eral

simplices ( 2.13 and 2.18 are some examples in dimension 2 and 3).

V is lo cally di�eomorphic to an op en subset of Rn
, and w e will w ork on suc h

a space to deriv e the equations in the sequel.

Let x b e a p oin t of the discretization of V . Let us consider a simplex S(k)
of

dimension k , adjacen t to x . Up to a translation, w e assume that x = 0 .

The equation w e w an t to discretize is as follo w :

kr Ukx = 1 (I I.4.1)



I I.4 Anisotropic F ast-Marc hing, general case 81

whic h w e can rewrite

kM r Uk = 1 (I I.4.2)

where M is the n � n symmetric p ositiv e de�nite matrix asso ciated with the

p oten tial.

W e denote b y x1 : : : xk
the other v ertices of the simplex, v = ( v1 : : : vk)T

the

corresp onding v alues, and

X def. =

0

B
@

x1
1 : : : x1

n
.

.

.

.

.

.

xk
1 : : : xk

n

1

C
A (I I.4.3)

W e w an t to estimate u = U(x) = U(0) suc h that ( I I.4.2 ) holds.

Asserting U is a�ne on the simplex de�ned b y 0; x1; : : : xn
. r U is therefore

constan t on the simplex.

F or all i 2 [1::k] let us consider the function ui (� ) def. = U(�x i ) .

Di�eren tiating this express ion, w e get : u0
i (� ) = < r U; xi > � whic h is

constan t.

F urthermore, w e ha v e ui (0) = u and ui (1) = vi
.

W e deduce

< r U; xi > = vi � u (I I.4.4)

hence

X

j

Uj x i
j = vi � u (I I.4.5)

and rewriting this in term of matrices,

X r U = v � u1 (I I.4.6)

If w e denote b y X + def. = ( X tX )� 1X t
the pseudo-in v erse of X , w e ha v e

r U = X + (v � u1) (I I.4.7)

Notice that X +
, only dep ends on the geometry of the neigh b orho o d, and can

th us b e pre-computed.
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W e also ha v e the constrain t ( I I.4.1 ), whic h can b e rewritten

r UtMM r U = 1: (I I.4.8)

(X + (v � u1)) tMMX + (v � u1) = 1 (I I.4.9)

If w e de�ne b def. = X + tMMX +
, w e th us ha v e

(v � u1)tb(v � u1) = 1 (I I.4.10)

Hence

1 = ( v � t1)tb(v � u1) (I I.4.11)

= u2(1tb1) � 2u(v tb1) + v tbv (I I.4.12)

whic h is a quadratic equation in u .

b is a symmetric p ositiv e de�nite matrix. W e denote b y < :; : > b the asso cia-

ted inner pro duct.

The equation b ecomes

u2jj1jj 2
b � 2u < v; 1 > b + jjv jj 2

b � 1 = 0 (I I.4.13)

When the grid is regular and the p oten tial is isotropic with v alue P , w e

ha v e b = P I k , and w e �nd the equation ( I I.3.27 ). The case tac kled in I I.3.6

corresp onds corresp onds to a diagonal matrix b.

This equation has ro ots if an only if

� 0 = jj1jj 2
b+ < v; 1 > 2

b �jj v jj 2
bjj1jj 2

b � 0 (I I.4.14)

This has the follo wing geometric in terpretation : in the Rn
space equipp ed

with the metric induced b y b, the inequalit y is equiv alen t to the distance

from v to v ect (1) b eing less than 1.

The bigger ro ot is then

u2 =
< v; 1 > b +

p
� 0

k1k2
b

(I I.4.15)
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I I.4.1.1 Link b et w een anisotrop y and geometry

In the anisotropic framew ork, if w e de�ne

X 0 def. = XM � 1
et U0 = M � 1U (I I.4.16)

w e get

b= X 0+ tX 0+

and

r U0 = X 0+ (v � 1u)

Calculations in anisotropic case are then equiv alen t to calculations in isotro-

pic case where simplices w ere deformed b y the metric of space.

Therefore, from a theoretical, there is no ma jor di�erence b et w een up date

steps in isotropic an anisotropic cases.

I I.4.1.2 Conditions for con v ergence

As in the regular grid case, the con v ergence pro of relies on

� the fact that the solution on eac h simplex is a non-decreasing function of

its v ariables.

� the fact that the solution on eac h simplex is bigger that the v alues on other

v ertices of the simplex.

This second condition can b e written

(u1 � v) � 0 (Cu ) (I I.4.17)

In the isotropic case, this has a simple geometric in terpretation : it just asserts

that the gradien t r U of the found solution m ust b e in the opp osite direction

with resp ect to all edges of the simplex (�gure 2.20 (left)).

Let us lo ok for the monoton y condition on the simplex.

W e start from equation ( I I.4.15 ), and di�eren tiate it with resp ect to vi
. W e

get



84 Shortest paths computation

Cu Cm

u2 u2

Fig. 2.20 � Geometrical in terpretation of conditions Cu and Cm for a bi-

dimensional simplex (isotropic case). T op : Cu corresp onds to the gradien t

b eing in the opp osite direction with resp ect to the edges of the simplex. Cm

corresp onds to the gradien t coming from inside the simplex. Bottom : on

the left, a solution whic h satis�es Cu but not Cm . Increasing the v alue of

the righ t v ertex while k eeping the norm of the gradien t constan t results in

a decrease of the solution (blac k arro ws). On the righ t, a solution satisfying

Cu and Cm .

@u2
@vi

=
< @v

@vi ; 1 >
p

� 0+ < @v
@vi ; 1 >< v; 1 > � < @v

@vi ; v >< 1; 1 >

k1k2
b

p
� 0

(I I.4.18)

or

@v
@vi

= (0 ; 0; : : : 1: : : ; 0; 0) (I I.4.19)
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hence

r u2 =
b1

p
� 0+ b1 < v; 1 > � bv < 1; 1 >

k1k2
b

p
� 0

=
b(1u � v)

p
� 0

(I I.4.20)

i.e. monoton y on the simplex holds if and only if

b(u21 � v) � 0 (Cm ) (I I.4.21)

In the isotropic case, this condition can b e rewritten X + t r U � 0. F rom a

geometric p oin t of view, it is equiv alen t to the fact that the gradien t comes

from inside the considered simplex (�gure 2.20 (righ t)).

In the case of a regular grid with isotropic p oten tial, w e ha v e b= I k , and the

t w o conditions Cu and Cm coincides � whic h is coheren t with the geometric

in terpretation � but it is no longer the case in the more general framew ork.

Ho w ev er, w e ha v e the follo wing prop ert y :

Prop osition I I.4.1.1

Up to lo c al deformation of the simplex using II.4.16 , let us assume that the

p otential in x is isotr opic.

If the angles of the simplex adjac ent to x ar e acute, then

Cm ) Cu .

Pro of :

Indeed, if the designated angles are acute, then

XX t � 0:

F urthermore, let us notice that b� 1 = ( X + t X + )+ = XX t
.

Let us assume that

b(u21 � v ) � 0:

Multiplying b y b� 1
, w e ha v e (u21 � v ) � 0.

�

Notice that if the curren t p oin t x is en tirely surrounded b y simplices (in

the sense that the union of simplices adjacen t to x con tains a top ological

neigh b orho o d of x ), there will b e a simplex con taining the gradien t, and the

(Cm ) will b e v eri�ed. In this case, the previous prop ert y asserts that (Cu )

will b e v eri�ed � whic h will b e necess ary to the con v ergence of the sc heme.



86 Shortest paths computation

Finally w e denote b y s(k)
the solution on the simplex whic h v erifying the

monoton y condition (if it exists). In particular, this solution is sup erior to

the v alues of other p oin ts of the simplex. If suc h a solution do es not exist,

w e set s(k) = + 1 .

F urthermore, w e de�ne � (k)
b as the function whic h maps the v alues on the

v ertices of the simplex vi
to s(k)

.

I I.4.2 Up date sc heme

The up date sc heme simply consists in selecting the smallest v alue pro duces

b y a simplex adjacen t to x .

U(x)  min
s

s(i )
(I I.4.22)

As in the previous sections, the p oin ts are explored in a non-increasing or-

dering. When a p oin t x is transferred to A , the up date step is applied to its

neigh b ors. It is also p ossible to compute up dates only from simplices con tai-

ning x and other p oin ts in A .

W e denote b y � = min � k
b the function that maps the set of v alues of neigh b ors

of x to the selected up date v alue.

I I.4.3 Con v ergence pro of

Here again, the pro of relies on the fact that on the b order of Cm conditions,

the computed solution is equal to the solution computed on a sub-simplex �

whic h will imply the con tin uit y of � .
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W e will need the follo wing lemma :

Lemma I I.4.3.1 If a 2 M n (R) , let us a[i ] the matrix fr om which the i th

line and i th

c olumn wer e delete d. If v 2 M n;1(R) , let us denote by v[i ] the

ve ctor fr om which the i th

element was suppr esse d.

L et b2 M n (R) b e a symmetric p ositive de�nite matrix.

Then

v solution de vtbv = 1 with bi v = 0

)

v[i ] solution de vt
[i ]((b� 1)[i ])� 1v[i ] = 1

Pro of :

W e de�ne w = bv, hence v = b� 1w .

By h yp othesis w e ha v e vt bv = 1 and bi v = 0 .

Therefore wt b� 1w = 1 and wi = 0 , and wt
[i ](b

� 1)[i ]w[i ] = 1 .

By the w a y , w e ha v e v[i ] = ( b� 1)[i ]w[i ] , so that w[i ] = (( b� 1)[i ]) � 1v[i ] , and vt
[i ]((b� 1)[i ]) � 1v[i ] =

1.

�

Let us consider again the discretization of Eik onal equation o v er the S(k)

simplex. ( I I.4.10 ) : (v � u1)tb(v � u1) = 1 . Let us consider a solution of this

equation suc h that it is at the b order of Cm conditions

2

, i.e. bl (u1 � v) = 0 .

F rom the preceding lemma, w e ha v e

(u1[l ] � v[l ])t ((b� 1)[l ])� 1(u1[l ] � v[l ]) = 1

2

There is a tec hnical di�cult y here � related to p ositivit y condition of � 0
: indeed,

� 0 � 0 is a necessary condition to the existence of a solution v erifying Cm . Therefore, it

seems necessary to analyse the b eha viour of the solution in the limit case � 0 = 0 . Ho w ev er,

as in the case of dimension 2 on a regular grid, w e can sho w that Cm is �stronger� than

� 0 � 0, i.e. one nev er has � 0 = 0 and Cm . Indeed, if w e assume � 0 = 0 , Cm is rewritten

b1 < v; 1 > b � bvk1k2
b � 0. Multiplying with v t

, w e ha v e < v; 1 > 2
b �k vk2

bk1k2
b � 0, whic h

is con tradictory with � 0 = k1k2
b+ < v; 1 > 2

b �k vk2
bk1k2

b = 0 .
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Y et, b= X + tMMX +
, hence b� 1 = XM � 1M � 1X t

, and

(b� 1)[l ] = ( X [l ])M � 1M � 1(X [l ])t
.

u is then solution of the discretized Eik onal equation on the sub-simplex

obtained from S(k)
b y deleting the l th

v ertex � this solution b eing clearly

satisfying Cm .)

Con tin uit y of � follo ws.

W e kno w giv e the sk etc h of con v ergence pro of :

monoton y F ollo ws immediately from monoton y on eac h simplex, and from

the con tin uit y of � .

stabilit y The argumen t is the same as in dimension 2.

consistence In the sequel, w e will assume that the simplices of the neigh b orho o d-

system homothetically tends to w ard a single p oin t. It will b e the case

if the considered space is discretized b y regular simplices of side h � or

if it is consists of simplices build alw a ys in the same w a y on a regular

grid of side h . It is p ossible to extend the results presen ted here : for

example, they remain true for simplices whic h v olume tends to w ard 0

and suc h that the corresp onding normalised simplices tend to w ard a

limit simplex. W e restricts ourselv es to the latter case, in order not to

mak e the notations to o hea vy .

Let us consider a function ' 2 C1
and x = ( x1 : : : xn ) .

Let us consider a p oin t x0 = ( x0
1 : : : x0

n ) , and a simplex (x0; x(1) : : : x(k))

� its asso ciated matrix b eing hX .

Let us denote bhx 0
def. = ( hX )+ tM x0M x0(hX )+

and uh = � bhx 0 the solution

computed on this simplex (if it exists) when the v alues on other v ertices

are vh = ( ' (x(1) ) : : : ' (x(k))) . Let us consider � 2 R

uh + � � ' (x0) � � =

< v h � ' (x0);1> bhx 0+
q

k1k2
bhx 0

+ < v h � ' (x0);1> 2
bhx 0

�jj v h � ' (x0)jj 2
bhx 0

k1k2
bhx 0

k1k2
bhx 0

(I I.4.23)

F urthermore, when h ! 0 and x0 ! x , vh � ' (x0) � hX r ' . Therefore,

denoting b def. = X + tM xM xX +
, w e ha v e
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x

x1
x2

uh

x

x1
x2

uh

x

x1
x2

uh

' (x)

' (x)
' (x)

kM x r ' k > 1 kM x r ' k = 1 kM x r ' k < 1

Fig. 2.21 � Consistency : di�eren t cases

lim
h! 0
x0! x
� ! 0

uh � ' (x0)
h

=

< X r '; 1 > b +
p

k1k2
b+ < X r '; 1 > 2

b �jj X r ' jj 2
bk1k2

b

k1k2
b

=

� (k)
b (X r ' ) (I I.4.24)

A similar analysis as the one conducted in 2D and relying on the con ti-

n uit y of � = min � (k)
b sho ws that

lim
h! 0
x0! x
� ! 0

(S(h; x0; ' (x0) + �; ' + � ) def. = � (:)� ' (x0)
h ) has as a con tin uous limit.

The equiv alence b et w een the v anishing of this limit and ' satisfying

Eik onal equation remains to b e c hec k e d .

The underlying in tuition is illustrated �gure 2.21 . W e will pro v e that, in

the limit, solutions to the discretized equation exist in a simplex whic h

con tains r ' (after deformation in the anisotropic case). Dep ending

on ho w kM x r ' k compares to 1, this solution will b e strictly inferior,

equal, or strictly sup erior to ' (x) .

Considering equation ( I I.4.24 ), w e observ e that for eac h simplex, if

� (k)
b (X r ' ) 6= + 1 then
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� (k)
b (X r ' ) = 0

, < X r '; 1 > b� 0 et kX r ' k2
b = kM xX + X r ' k2 = 1 (I I.4.25)

� (k)
b (X r ' ) > 0

( k X r ' k2
b = kM xX + X r ' k2 < 1 (I I.4.26)

� (k)
b (X r ' ) < 0

( < X r '; 1 > b� 0 et kX r ' k2
b = kM xX + X r ' k2 > 1 (I I.4.27)

By the w a y , X + X r ' is the pro jection of r ' on to the linear span of

the simplex.

Sev eral cases ha v e to b e considered :

� If kM x r ' k < 1, then for an y simplex, kM xX + X r ' k < 1. F rom

( I I.4.26 ) w e ha v e � (k)
b (X r ' ) = + 1 or � (k)

b (X r ' ) > 0. Therefore

lim S > 0.

� If kM x r ' k = 1 , let us consider the n -dimensional simplex con taining

r ' after deformation � suc h that � (k)
b (X r ' ) 6= + 1 . Then w e ha v e

� (k)
b (X r ' ) = 0 from ( I I.4.25 ). F or other simplices, as in the previous

p oin t, w e ha v e � (k)
b (X r ' ) = + 1 or � (k)

b (X r ' ) > 0 and then lim S =

0.

� If kM x r ' k > 1, w e wish to sho w that there exists a simplex suc h that

� (k)
b (X r ' ) 6= + 1 , < X r '; 1 > b� 0 and kX r ' k2

b = kM xX + X r ' k2 >

1. F rom ( I I.4.27 ), this w ould en tail lim S < 0.

� (k)
b (X r ' ) 6= + 1 is equiv alen t to the existence of a solution u of

discretized Eik onal equation in the simplex asso ciated with X , with

v alues X r ' on the v ertices � Cm b eing satis�ed.

Let us consider a simplex S(n)
whic h con tains r ' after deformation,

and denote b y X n its asso ciated matrix. W e de�ne u = ' (x) � it is

clear that u is not solution of the discretized equation on S(n)
. Let

us progressiv ely decrease u . T w o scenarios can o ccur.
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� Either w e get a u v alue v erifying the discretized Eik onal equation,

at a stage when Cm still holds. The problem is then solv ed.

� Either one of the Cm conditions is violated b efore, whic h means

that bn (u1� X n r ' ) < 0. In the limit, r U b elongs to a sub-simplex

S(n� 1)
.

Iterating this pro cess, w e tra v el along a family of decreasing simplices

(S(n) ; S(n� 1); S(n� 2) : : : )

. W e will denote b y X i and bi the corresp onding matrices. Notice

that < X i r '; 1 > bi � 0 holds for all these simplices

If a solution v of the discretized Eik onal equation is found a simplex

S(i )
suc h that kM xX +

i X i r ' k2 � 1. Then v v eri�es v � ' (x) , whic h is

absurd : indeed the v alue of u when en tering the simplex w as strictly

smaller than ' (x) .

This pro cessed necess arily lead to a solution � in the w orst case in

the S(1)
simplex, whic h concludes the pro of.

ordering The argumen t is the same as in dimension 2.

W e th us ha v e the follo wing theorem :

Theorem I I.4.3.2

The distanc e map c ompute d fr om the algorithm pr op ose d in II.4.2 c onver ges

towar d the visc osity solution of I.3.15 when the size of the simplic es c onver ges

to 0.

If the angles of the simplices ha v e a maximal v alue � , no obtuse angle can

app ear under a deformation b y a tensor with anisotrop y ratio less than

(tan(�=2))� 1
. This lead to the follo wing sample results.



92 Shortest paths computation

� In dimension 2 :

Theorem I I.4.3.3

In the fol lowing c ases, the distanc e map c ompute d fr om the algorithm pr op o-

se d in II.4.2 c onver ges towar d the visc osity solution of I.3.15 when the size

of the simplic es c onver ges to 0 :

� R e gular grid (�gur e 2.9 ), and isotr opic p otentials (se ction II.3 ) � or ani-

sotr opic p otentials with princip al c omp onents c ol line ar with the grid axis

(se ction II.3.6 .)

� 8 neighb ors system (�gur e 2.13 ), p otentials with anisotr opy r atio less than

(tan(�= 8))� 1 = 1p
2� 1

� 2:4.

� Neighb orho o d system c onsisting of e quilater al triangles, p otentials with ani-

sotr opy r atio less than (tan(�= 6))� 1 =
p

3 � 1:7.

� In dimension 3 :

Theorem I I.4.3.4

In the fol lowing c ases, the distanc e map c ompute d fr om the algorithm pr op o-

se d in II.4.2 c onver ges towar d the visc osity solution of I.3.15 when the size

of the simplic es c onver ges to 0 :

� R e gular grid and isotr opic p otentials (se ction II.3.5 ) � or anisotr opic p oten-

tials with princip al c omp onents c ol line ar with the grid axis (se ction II.3.6 .)

� S48a neighb orho o d system (cf. se ction II.5.2 ), p otentials with anisotr opy

r atio less than � 1:9.

� S48b neighb orho o d system (cf. se ction II.5.2 ), p otentials with anisotr opy

r atio less than (tan(�= 6))� 1 =
p

3 � 1:7.

� Neighb orho o d system c onsisting of r e gular tetr ahe dr on, p otentials with ani-

sotr opy r atio less than (tan(�= 6))� 1 =
p

3 � 1:7.

I I.5 Numerical Results

I I.5.1 Dimension 2

This section presen ts some results obtained b y the algorithm in 2D. If need

b e, w e applied the algorithm to simplices with obtuse angles � in this case

w e selected the smallest solution satisfying b oth Cm and Cu .
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Figure 2.22 sho ws results obtained with a 4 neigh b ors system (�gure 2.9 ),

with anisotropic p oten tials non-collinear with the axis. Suc h a p oten tial

creates obtuse angles in the deformed simplices, and the distance map do es

not seem to con v erge to w ard their theoretical v alue.

Figure 2.23 (top and middle) sho ws results in the same space, obtained with

a 8 neigh b ors system (�gure 2.13 ). In this case, the algorithm con v erges. In

fact as long as the maximal anisotrop y ratio is less than (tan(�= 8))� 1 � 2:4,

the deformed angles remain acute � whatev er the direction of the tensor is.

On the opp osite, if anisotrop y k eeps on increasing (b ottom), obtuse angles

app ear, and con v ergence is lost.

Fig. 2.22 � Distance maps, lev el sets and shortest paths for a uniform aniso-

tropic p oten tial, obtained with a 4 neigh b ors system. Anisotrop y ratio of the

tensor is 2. T op : principal direction is collinear with e3�= 4 . Bottom : principal

direction is collinear with e5�= 6 .
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Fig. 2.23 � Distance maps, lev el sets and shortest paths for a uniform ani-

sotropic p oten tial, obtained with a 4 neigh b ors system. T op : Anisotrop y

ratio of the tensor is 2, principal direction is collinear with e3�= 4 . Midd le :

Anisotrop y ratio of the tensor is 2, principal direction is collinear with e5�= 6 .

Bottom : Anisotrop y ratio of the tensor is 4, principal direction is collinear

with e5�= 6 .
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I I.5.2 Dimension 3

In this section, w e presen t some results obtained b y the algorithm in 3D

for di�eren t uniform p oten tials, and di�eren t neigh b orho o d systems.(�gure

2.24 ). The �rst system ( S8 ) consists in 8 simplices. The second ( S48a) and

third one ( S48b) are bigger, and consists in 48 simplices.

8 simplexes 48 simplexes - a 48 simplexes - b

xxx

Fig. 2.24 � Di�eren t neigh b orho o d systems in dimension 3

The starting set is reduced to a single p oin t. The algorithm is illustrated for

three p oten tials.

� an isotropic p oten tial (�gure 2.25 ). In the S8 case, the sc heme corresp onds

to the sp eci�c case detailed in section I I.3.5 .

� an anisotropic p oten tial, collinear with the axis � sp eeds in the di�eren t

directions b eing 1,2 and 3 (�gure 2.26 ). In the S8 case, the sc heme corres-

p onds to the sp eci�c case detailed in section I I.3.6 .

In these cases, for all the neigh b orho o d systems, con v ergence is pro v ed. Ho-

w ev er, the c hoice of a bigger neigh b orho o d system increases the precision.

S48a or S48b giv e qualitativ ely equiv alen t results.

� the same anisotropic p oten tial, but non-collinear with the axis(�gure 2.27 ).

Con v ergence is lost for S8 . The last �gure sho ws result obtained for S48a[

S48b � whic h is not signi�can tly b etter than the ones obtained for the t w o

systems indep enden tly .
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Fig. 2.25 � Results for a uniform isotropic p oten tial. T op : lev el sets for

S8 , S48a and S48b. Bottom : mean relativ e error for the three systems, as a

function of distance from starting p oin t
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Fig. 2.26 � Results for a uniform anisotropic p oten tial, collinear with the

axis. T op : lev el sets for S8 , S48a and S48b. Bottom : mean relativ e error for

the three systems, as a function of distance from starting p oin t.
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Fig. 2.27 � Results for a uniform anisotropic p oten tial, non-collinear with

the axis. T op : lev el sets for S8 , S48a, S48b and S48a [ S 48b. Bottom : mean

relativ e error for the three systems, as a function of distance from starting

p oin t.
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I I.6 Other algo r i t hms for shortest paths com-

putatio n

In the case of dimension 2 with a constan t p oten tial (section I.3.1.1 ), n u-

merous metho ds ha v e b een dev elop ed to compute distance maps. A recen t

review of main algorithms can b e found in [ 57 ]. Notice that in this case, exact

algorithms exists, with quasi-linear complexit y in the size of space.

It is also p ossible to use the idea of appro ximating con tin uous shortest paths

b y discrete ones in order to compute geo desics on manifolds represen ted b y

random p oin t clouds[ 201 , 136 ].

In dimension 2, [ 209 ] prop osed an algorithm similar to F ast-Marc hing almost

sim ultaneously . This algorithm w as inspired b y con trol theory , and can b e

generalised in dimension 3 [ 87 ]. It is equiv alen t with F ast-Marc hing in the

cas of isotropic p oten tials, but do es not con v erge to the theoretical solution

in more general cases.

Sev eral v arian ts of F ast-Marc hing ha v e b een prop osed in order to obtain

con v ergen t sc heme in presence of obtuse angles � or dually when anisotrop y

is imp ortan t.

In dimension 2, [ 97 ] prop osed a metho d to suppress obtuse angles based on

extending the neigh b orho o d. Ho w ev er this extension increase running time,

and its implemen tation seems to b e tric ky in bigger dimension. In [ 190 ],

the authors prop ose a more general metho d, based on an extended fron t �

the amoun t of extension dep ending on the anisotrop y ratio. In the case of

parametric manifolds, [ 197 ] prop oses a fast metho d for extending the neigh-

b orho o d.

In dimension 3 � the deformed space b eing sampled b y a regular grid � [ 31 ]

prop osed a generic splitting algorithm based on in teger programming, whic h

extends the metho d prop osed in [ 197 ].

It is also p ossible to k eep the F ast-Marc hing general sk etc h, but to allo w

up dates for p oin ts already in A . When the v alue of suc h a p oin t is mo di�ed, a

recursiv e correction of its neigh b oring p oin ts is p erformed [ 104 ]. F or practical

purp oses, the increase of running time again dep ends on anisotrop y ratio.

While the con v ergence is not guaran teed, the algorithm seems to b eha v e w ell
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from strongly anisotropic metrics.

Finally , a metho d w as prop osed for anisotropic p oten tials in dimension 3 on

regular grids [ 161 ]. It app ears to b e equiv alen t with our form ulation in this

case.

I I.7 Conclusi o n, discussio n

W e prop osed a new presen tation of F ast-Marc hing algorithm. W e emphasised

on the connexions with Dijkstra algorithm. Our form ulation is easily exten-

ded to bigger dimensions, to anisotropic p oten tials, and to manifolds, and

admits a uni�ed pro of.

It w ould b e of high in terest to compare and syn thes ise the algorithms for

shortest paths computations, in the cases when our sc heme is not con v ergen t.

T o our kno wledge, suc h a w ork has not b een done y et.



Chapitre I I I

T ubular structures segmen tation

using shortest paths

In tro duction

In this c hapter, w e prop ose an application of shortest paths to the segmen ta-

tion of tubular structures � mainly v esse ls in bi-dimensional medical images.

After an in tro duction (section I I I.1 ), w e prop ose to recast the 2D segmen ta-

tion problem as a geo desic computation o v er a 4-dimensional space in sec-

tion I I I.2 . An additional scale dimension giv es access to the lo cal width of

the v esse ls, and allo ws the direct extraction of the cen terline of the v esse l.

A rotational dimension reduces erroneous detection when t w o v esse ls are

o v erlapping.

In section I I I.3 , w e then prop ose an application of this framew ork to a �o w-

based v esse l segmen tation algorithm for optical cortical imaging.

Finally , in section I I I.4 w e sho w ho w to apply this framew ork to the extraction

of net w orks of roads or v esse ls.
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I I I.1 T ubular structures segmen tation

In the sequel, w e will denote b y tubular structur es either roads in satellite

images, or blo o d v esse ls in medical images (�gure 3.1 ). As w e will see, b oth

share common c haracteristics, whic h allo w their segmen tation in one uni�ed

framew ork. While our metho d is originally designed for medical imaging ap-

plications, w e will also sho w some of its results on high-resolution satellite

imaging.

Fig. 3.1 � L eft : roads in a satellite image. R ight : v esse ls in a medical image

(cortical imaging)

Blo o d V essels Extracting tubular structures is a cen tral problem in medi-

cal imaging. Detection of v esse ls and v esse ls net w orks in bi-dimensional me-

dical images is of primary in terest to help medical diagnostic. The extraction

of an accurate net w ork allo ws one to compute meaningful information suc h

as the lo cal width of the v esse ls and the connectivit y of the net w orks from a

single planar observ ation. These problems are critical in retinal imaging[ 143 ]

for example, where they allo w to diagnose pathologies suc h as Diab etic R eti-

nop athy [ 47 ].

Sev eral problems arise to correctly p erform the segmen tation task. Man y

acquisition mo dalities pro duce highly noisy images. F urthermore, v esse ls

usually exhibit complex tree-lik e structures that require a careful pro ces-

sing. Another sp eci�c di�cult y in 2D imaging is the o v erlapping of v esse ls :

t w o distinct v esse ls in real anatom y can giv e rise to a crossing in the plane

of the image (�gure 3.2 ).

Roads
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Fig. 3.2 � A crossing of t w o blo o d v esse ls in a cortical image.

Road segmen tation is of primary in terest for the automatic analysis of satel-

lite images. Automatic or semi-automatic cartograph y mainly aims at up da-

ting geographic information systems [ 194 ] � with applications to road tra�c

managemen t or automated na vigation systems.

I I I.1.1 State of the art

The problem of tubular structure extraction has receiv ed considerable atten-

tion in the computer vision and medical imaging comm unities. The recen t

reviews [ 100 ] and [ 44 ] giv e extremely go o d topical outlines of the domain. A

surv ey on sev eral retinal imaging sp eci�c metho ds can also b e found in [ 126 ].

Sev eral classes of metho ds ha v e b een prop osed to segmen t tubular structures.

They generally rely on the use of a lo cal detector, p ost-pro cessed b y a metho d

that links lo cally detected structures.

Lo cal detectors allo w to detect p oin ts b elonging to tubular structures or

p ortions of tubular structures dep ending on the mo dalit y of the image. Lo-

cal detectors include v arious metho ds : thresholding of images in tensities,

ridge or crest detection [ 8 , 164 , 34 ], w a v elets [ 89 , 195 , 41 , 105 ], line detec-

tor for lo w resolution satellite imaging [ 61 , 135 ], gab or �lters [ 170 ], di�e-

ren tial op erators [ 153 , 112 ], v esse lnes s measures [ 63 , 53 , 114 ] or matc hing

�lters [ 71 , 36 , 82 , 18 , 35 , 115 , 159 ] � recen tly com bined with learning pro-

cesse s [ 72 ].

Man y metho ds allo w to link or p ost-pro cess the lo cally detected p oin ts.

Among classical metho ds (inspired b y ideas whic h early arose in computer

vision comm unit y for edge detection [ 33 ]), thresholding [ 200 ], fusion pro-

cesse s [ 93 , 76 , 130 , 218 ], region gro wing algorithms [ 58 , 180 , 220 , 80 ], fron t
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propagation [ 128 , 188 , 50 ], or pixel classi�cation [ 41 , 171 , 193 ] tec hniques w ere

prop osed. A ctiv e con tours [ 134 , 151 , 172 ], deformable mo dels [ 142 , 133 ], and

more recen tly geometric �o w based metho ds [ 212 , 53 ] can also b e used to �t

mo dels of tubular structures or b oundaries to the data.

Geo desic based metho ds are another class of metho ds allo wing the linking of

lo cal features � usually pixels in tensities : the notion of shortest path pro v ed

to b e e�cien t for the extraction of salien t curv es in 2D or 3D images, see for

instance [ 37 ]. Geo desic curv es can also b e used to extract tubular structures

cen terlines in 3D medical images, as prop osed b y [ 49 ] and b y [ 177 ]. In [ 120 ],

the authors prop osed to extend the shortest path computation to a higher

dimensional domain. They include lo cal radius of the tubular structures as

an additional scale dimension in order to stabilize the computations and to

select the cen terline without an y p ost-pro cessing.

Another w a y of linking lo cal features is the class of trac king metho ds whic h

start from a p oin t b elonging to a v esse l (either user-de�ned, or detected using

a ad-ho c metho d with resp ect to the mo dalit y), and iterativ ely trac k the

v esse l b y analyzing the neigh b orho o d of the curren t p oin t in the direction of

the tubular structures (lo ok-ahead) [ 152 , 111 , 179 , 67 , 121 , 224 , 206 , 45 , 199 ,

24 ]. Kalman �ltering is also used to robustify the trac king pro cess [ 214 , 223 ].

While some of these metho ds can handle junctions, they usually fail to deal

robustly with crossings in the case of bi-dimensional medical images.

I I I.1.2 Shortest paths metho ds for road/v essels segmen-

tation

Our w ork w as mainly inspired b y shortest paths metho ds suc h as [ 37 ] and [ 120 ].

Starting from an image I : [0; 1]2 ! R, the basic idea is to compute road/v essels

as shortest paths in the plane of the image. A p oten tial m ust b e designed

suc h that computed shortest paths corresp ond to actual road/v essels in the

images. Since in most medical images, v esse ls app ear to b e dark er than the

bac kground, a natural idea is to design the p oten tial as a non-decreasing func-

tion of the gra y lev el � doing so, shortest paths are lik ely to follo w dark areas

of the images, i.e. v esse ls. This is illustrated in �g 3.3 . The opp osite holds for
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satellite images, in whic h roads are usually ligh ter than the bac kground. The-

refore in this case, the p oten tial will b e designed as a non-increasing function

of the Gra y lev el. These metho ds can also b e extended to 3D images, and

can th us b e used to segmen t anatomic structures e.g. in endoscop y .

Ho w ev er, as illustrated in �gure 3.4 , these metho ds usually fail to �nd the

cen terline of the targeted v esse l if the cen terline do es not corresp ond to a

minima of gra y lev el along the section of the tubular structure. They are, as

w ell, unable to directly reco v er its radius, whic h ev aluation ma y ha v e signi-

�cance, e.g. in retinal imaging. Sev eral attempts ha v e b een made to address

this problem. One of them is to apply a Gaussian blurring to the image as

a pre-pro cessing step, hoping that after this op eration, the p oten tial will b e

lo w er at the cen terline of v esse ls. It is ho w ev er unclear ho w the in tensit y of

the blurring should b e c hosen, and ho w it a�ects the obtained segmen tation.

It is also p ossible to re�ne a �rst coarse segmen tation using sk eletization-

lik e metho ds as a p ost-pro cessing [ 50 , 208 , 196 , 77 ]. Notice also that there

exist an imp ortan t litterature concerning computation of medial axis (e.g.

[ 192 , 28 ]), but suc h metho ds can usually only b e applied to binary images.

As w e will sho w, our metho d will b e able to compute cen terlines in a more

in trinsic w a y .

An attempt to in trinsically compute cen terlines and radii is prop osed in [ 120 ].

The authors prop ose to lift the 2D image to a 3D space taking in to accoun t

radius of v esse ls. They design a lo cal detector whic h allo ws to ev aluate the

lik eliho o d of the presence of the cen terline of a v esse l of radius r at ev ery

p oin t of the image. Then they compute shortest paths in this 3D space, the

p oten tial b eing a non-increasing function of the lik eliho o d. Ho w ev er, due to

their c hoice of lo cal detector, their metho d is extremely sensitiv e to initiali-

zation and parameters. Their idea of using a radius space w as also adapted

in a Dijkstra-lik e framew ork [ 160 ].

Notice that another algorithm inspired from this framew ork w as prop osed

v ery recen tly in [ 16 , 17 ]. After a prepro cessing of the image, it uses an aniso-

tropic fast-marc hing in suc h a 3D space to accurately segmen t v esse ls � while

not handling in tersections.
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Fig. 3.3 � V essel segmen tation using shortest paths. T op left : original retinal

image. T op midd le : distance map computed from the white p oin t (gra y

lev el w as used as p oten tial) and iso distance lines (red). Notice that the fron t

propagates faster along the v esse l. T op right : shortest paths computed from

another p oin t of the v esse l. Bottom : syn thes is on the distance function

elev ation map

I I I.1.3 Ov erview of our metho d

Our metho d go es one step further with resp ect to the metho d of [ 120 ]. It lifts

the 2D image in a 4D radius and orien tation space using lo cal detectors of

v esse ls at di�eren t orien tations and scales. The use of 4D orien tation space

disam biguates crossing con�gurations [ 91 ], and also allo ws to p erform more
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Fig. 3.4 � V essel segmen tation using shortest paths � while the path is inclu-

ded in the v esse l, the cen terline is not correctly ev aluated. T op left : original

retinal image. T op midd le : distance map computed from the white p oin t

(gra y lev el w as used as p oten tial) and iso distance lines (red). T op right :

shortest paths computed from another p oin t of the v esse l. Bottom : syn the-

sis on the distance function elev ation map

stable and accurate segmen tation.

Our metho d is indep enden t from the lo cal detector used, whic h can b e tuned

precisely to the targeted application. It then uses a geo desic based formalism

to compute optimal paths in this 4D space, leading to a robust global seg-

men tation of v esse ls as detailed in section I I I.2 . Unlik e metho ds whic h rely

on a p ost-pro cessing sk eletization to compute the cen terlines of the v esse ls,

our metho d directly and naturally computes b oth cen terlines and radii of
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v esse ls.

W e prop ose an application of this framew ork to the segmen tation of v esse ls in

cortical imaging mo vies, using the �o w information to p erform the detection

of v esse ls (section I I I.3 ).

Finally , in section I I I.4 , w e prop ose to use this segmen tation framew ork to

design an algorithm for net w ork extraction. Based on a trac king framew ork

on extended neigh b orho o ds, our algorithm handles di�cult crossing con�gu-

rations.

I I I.2 A framew ork for tubular structure seg-

men tation

In this section, w e presen t our new framew ork for the segmen tation of tubular

structures in a 4D radius and orien tation space.

I I I.2.1 Lo cal V essel Mo del

An image will b e treated as a 2D function I : [0; 1]2 ! R. The lo cal geometry

of a v esse l is captured with a v esse l mo del M (x) 2 R for x = ( x1; x2) 2 � =

[� � 1; � 1] � [� � 2; � 2]. This mo del is a 2D pattern that incorp orates our prior

kno wledge ab out b oth the cross section of the v esse ls and the regularit y of

v esse l.

The prior on the cross section of the v esse l is included b y considering mo dels

M (x1; x2) = m(x2) that only dep ends on a 1D pro�le m (�gure 3.5 ). The

prior on the regularit y of the v esse ls corresp onds to the ratio � 1=� 2 of the

horizon tal and v ertical dimensions of the mo del.

Mo del cross-section for v essels. A 1D pro�le adapted to b oth cortical

and optical imaging and retinal imaging is de�ned as

m(x2) =

(
1 for jx2j > � 2=2;

exp(� �
p

(1=2)2 � (x2=� 2)2) otherwise.

(I I I.2.1)

This mo del encompasses medical kno wledge ab out the ligh t re�exion around

blo o d v esse ls in cortical imaging. The image in tensit y inside a v esse l is as-
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M (x)

x

� 2

� 1

� � 1

� � 2

Fig. 3.5 � L eft : in tensit y pro�le along a section. R ight : a v esse l mo del

sumed to result from a ligh t absorption (with co e�cien t � ) prop ortional to

the v esse l width at this p oin t. It is also widely used in the retina image

comm unit y [ 36 ].

The v alue � � 0:05 w as ev aluated from a set of t ypical cortical images.

Ho w ev er, section I I I.2.8.2 sho ws that our v esse l extraction metho d is robust

with resp ect to appro ximate c hoices of this absorption parameter.

Mo del for road extraction. A t ypical road in satellite imaging has a slo w

v ariation of in tensit y along a section. It is e�cien tly captured b y a binary

mo del de�ned as

m(x2) def. =

(
0 for jx2j > � 2=2;

1 otherwise.

(I I I.2.2)

Regularit y selection. The ratio � 1=� 2 of the mo del dimensions acts as a

prior on the regularit y of t ypical v esse ls. The more t ypical v esse ls are curv ed,

the smaller � 1=� 2 should b e. Also, robustness to noisy images forces to use

a mo del with a large enough area � 1 � � 2 . The v alue of (� 1; � 2) = (1 ; 2)

is used in our n umerical exp erimen ts. This c hoice is further discussed in the

n umerical exp erimen ts section.

T o o v ercome the inheren t di�culties of the 2D detection problem, additional

scale and orien tation dimensions are in tro duced to increase the detectabilit y
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of v esse ls.

I I I.2.2 Rotated and Scaled Mo dels

The normalized pattern M (x) is rotated and scaled to matc h the v arying

orien tation and width of v esse ls. Beside the c hoice of the pattern cross section

m and the dimension � 1 � � 2 of the mo del M (x) , the scaling of �( r ) with r

is another a v en ue to in tro duce some prior ab out v esse ls in the image. Small

scales cortical and retinal v esse ls are less regular than large scale v esse ls. W e

th us c hose to scale the dimensions of the mo del �( r ) = r � linearly with

the radius r . This causes thin v esse ls to b e detected using a �ner correlation

analysis.

The w arp ed mo del M r;� (x) for x 2 �( r; � ) = R� �( r ) is de�ned as

8x 2 �( r; � ); M r;� (x) def. = M (R� � (x=r)) (I I I.2.3)

where R� is the planar rotation of angle � .

Figure 3.6 sho ws examples of mo dels de�ned with ( I I I.2.1 ) and ( I I I.2.2 ) that

are rotated and scaled according to ( I I I.2.3 ).

�

r r

�

Fig. 3.6 � V essel mo dels (left) and roads mo dels (righ t) for di�eren t orien-

tations and scales. Here, � 1=� 2 = 1=2 and m(:) is giv en b y ( I I I.2.1 ).
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I I I.2.3 Scale/Orien tation Lifting

The image I is lifted in a 4D space b y adding a scale and an orien tation

dimension. Let 
 b e de�ned b y


 def. = [0; 1]2 � [rmin ; rmax ] � [0; � ) (I I I.2.4)

the last dimension b eing p erio dic. 
 is th us a 4-dimensional manifold.

W e call lifting the function F computed as the normalized cross-correlation [ 73 ]

b et w een the image and the lo cal mo del ( I I I.2.3 )

8! = ( x; r; � ) 2 
 ; F (! ) def. = NCC �( r;� )(M r;� (�); I (x + �)) (I I I.2.5)

where I (x + �) is the image translated b y x , NCC A (f; g ) is the normalized

cross-correlation b et w een f and g o v er the domain A , de�ned b y :

NCC A (f; g ) def. =

R
A (f � �f )(g � �g)

q R
A (f � �f )2

q R
A (g � �g)2

(I I I.2.6)

where

�h = (
R

A h)=jAj , jAj b eing the area of A .

This lifting separates real 3D v esse ls that o v erlaps when pro jected at the

same lo cation b y the imaging system but ha v e di�eren t orien tations.

rmin and rmax are resp ectiv ely set as the minim um and maxim um v alues of

the v esse ls radius one wishes to detect in the image.

The v alue F (x; r; � ) ranges from � 1 to 1 and measures the lik eliho o d of

observing a v esse l at a giv en lo cation x with a width r and an orien tation

� . The normalization of the detector mak es it in v arian t under to in tensit y

v ariations that o ccurs in medical images due to the elev ation v ariation of the

v esse ls and the imp erfection of the imaging system. A dding a scale dimension

yields a robust and regularized estimation of the radius and the cen ter of

v esse ls.

Figure 3.7 sho ws an example of a cortical image where orien tation lifting is

crucial to distinguish lo cally b et w een orien tations.

Numerical computations. A medical image is acquired on a on discrete

grid of n � n pixels. The 4D lifting is computed for nr radii ev enly spaced

in [rmin ; rmax ] and n� orien tations ev enly spaced in [0; � ) , with nr = 12 and
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x

y

x

�

y

� = �= 2

� = 0

Fig. 3.7 � left : An original 2D image. right : Its 4D lifting (�xed radius),

ranging from -1 (blac k) to 1 (white). White v alues indicate lik ely p ositions

and orien tations of v esse ls.

n� = 12 in the exp erimen ts. This requires O((rmaxn)2n2nr n� ) op erations with

rmax � 1 and nr ; n� � n .

I I I.2.4 Lifted P oten tial

The 4D lifting ( I I I.2.5 ) de�nes an isotropic p oten tial � o v er the 4D domain




8! 2 
 ; � (! ) def. = max(1 � F (! ); � ): (I I I.2.7)

The parameter � prev en ts the p oten tial to v anish and is set to � = 10� 3
in

the n umerical tests.

This p oten tial enco des lo cal information ab out the presence of a v esse l at a

giv en p osition, scale and orien tation.

Notice that this c hoice is somewhat arbitrary . An y non-increasing function

of F could b e considered.

I I I.2.5 Distance Map and Geo desic Computation

The length of a lifted curv e 
 : [0; 1] ! 
 o v er the lifted domain is de�ned

as

L F (
 ) def. =
Z 1

0
� (
 (t))k
 0(t)kdt: (I I I.2.8)
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where the length of the sp eed v ector v = 
 0(t) = ( vx ; vr ; v� ) is

kvk2 def. = v2
x + �v 2

r + �v 2
� ; (I I I.2.9)

(�; � ) b eing normalizing constan ts that con trols the p enalt y on scale and

orien tation v ariations along the v esse ls in the images. In practice, as w e

will demonstrate in the n umerical exp erimen ts section, w e observ ed strong

robustness with resp ect to the c hoice of (�; � ) .

Giv en a set A � 
 of seeds p oin ts and a set B � 
 of ending p oin ts, a

shortest lifted curv e 
 � (t) � 
 joining A to B is de�ned as a shortest path

for the metric L F


 � (A ; B) def. = argmin

 2C(A ;B)

L F (
 ); (I I I.2.10)

where C(A ; B) is the set of curv es 
 suc h that 
 (0) 2 B and 
 (1) 2 A . The

corresp onding geo desic distance is dF (A ; B) = L F (
 � ) . This de�nition can

b e sp ecialized to a single starting p oin t A = f ! 0g and/or to single ending

p oin t B = f ! 1g to de�ne the geo desic distance b et w een p oin ts and/or sets,

e.g. dF (! 0; ! 1) def. = dF (f ! 0g; f ! 1g) .

Therefore, w e are in exactly in the framew ork of shortest paths on a Rieman-

nian manifold in tro duced in section I.3.1.6 .

The tensor asso ciated with the p oten tial is prop ortional to

0

B
B
B
@

1 0 0 0

0 1 0 0

0 0 � 0

0 0 0 �

1

C
C
C
A

i.e. its principal comp onen ts are aligned with the canonical basis of the space.

F urthermore, up to the p erio dicit y of the � dimension, w e can assume that


 is a cub oid of R4
.


 is discretized as a grid of N def. = n2nr n� , where extra links are set b et-

w een p oin ts (i; j; r; 0) and (i; j; r; (n� � 1) �
n �

) and therefore w e can apply the

framew ork dev elop ed in section I I.3.6 to compute shortest paths.

A �rst order Euler-sc heme w as used to p erform the gradien t descen t � the-

refore computing 
 �
with sub-pixel accuracy .
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I I I.2.6 Shortest P aths and 4D curv es

A 4D curv e c(x; x0) b et w een t w o p oin ts x; x0 2 [0; 1]2 is computed as a 4D

geo desic in 
 b et w een the 4D lifted sets A(x) and A(x0) de�ned as

A(x(0)) def. =
n

(x(0) ; r; � ) n r 2 [rmin ; rmax ]; � 2 [0;� )
o

: (I I I.2.11)

The 4D curv e is then de�ned as

cx;x 0
def. = 
 � (A (x); A (x

0
)) : (I I I.2.12)

This 4D curv e con tains three comp onen ts cx;x 0(t) = (~x(t); r (t); � (t)) . The

path ~x(t) � [0; 1]2 is the actual cen terline o v er the image plane, whereas r (t)

and � (t) giv e the lo cal width and orien tation of the v esse l, see Figure 3.8 .

t

t

� (t)

r (t)

Fig. 3.8 � L eft : cen terline extraction of a v esse l in a cortical image. Starting

p oin t : white square. Ending p oin t : blac k square. R ight : corresp onding

orien tation � (t) and radius r (t) .

I I I.2.7 Another in terpretation

Due to the structure of the targeted images, w e observ ed that the direction

of a shortest path pro jected in the image plane is appro ximately equal to the
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curren t angular p osition � of a curv e. Up to a renormalization, v� is then the

curv ature of the pro jection of 
 in the image plane.

The length of a lifted curv e is written

L F (
 ) =
Z 1

0
� (
 (t))

q
v2

x + �v 2
r + �v 2

� dt (I I I.2.13)

and then its minimization leads to curv es with b oth small length and curv a-

ture � whic h is somewhat similar to an optimization in a Sob olev space.

I I I.2.8 Ev aluation of the Geo desic Cen terlines

In this section, w e presen t some results obtained b y our metho d.

I I I.2.8.1 A ccuracy and robustness to noise and parameters c hoice

The accuracy of the cen terline extraction is compared on syn thetic data to

the t w o other metho ds men tioned in the in tro duction :

� the metho d of [ 39 , 38 ], in whic h a 2D metric is computed from an image

in tensit y blurred with a Gaussian �lter. The �ltering helps to re-cen ter the

geo desic since the smo othed image exhibits a lo cal maxima around the

cen ter of the v esse ls, at the cost of a loss of spatial resolution,

� the metho d of [ 120 ], in whic h a 3D (space+scale) metric is computed. All

the parameters of this 3D mo del are optimized to giv e the b est results.

In the exp erimen ts, our metho d w as used with an absorption parameter � =

0:1, whic h is not optimized to �t the � of all b enc hmark images.

The precisions of the three algorithms are tested on sev eral phan toms images.

This phan toms images are build from �v e cen terlines and radii analytical

forms � th us with sub-pixelic accuracy . The cross section corresp onds to the

mo del ( I I I.2.1 ) with parameter � = 0:01, � = 0:1 and � = 1 . An additiv e

Gaussian white noise with v arious amplitudes are added to the phan toms.

T en phan toms are generated for eac h condition, and eac h noise lev el. This

leads to a total database of ab out 3000 images. Figure 3.9 sho ws some of the

obtained phan toms.

F or eac h exp erimen t, the true starting and ending p oin ts of eac h phan tom

are used, as w ell as the true starting and ending radii for the [ 120 ] metho d.
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Default parameters � 1=� 2 = 0:5, n� = 12 , nr = 12 , � = 1 �
n theta

and � =

1r max � r min
n r

w ere used for our algorithm. Its sensibilit y with resp ect to this

c hoice will b e discussed.

Fig. 3.9 � Some of the phan toms used in our b enc hmark (basic in tensities

range from 0 to 1), sho wn here with a spatially indep enden t Gaussian noise

of v ariance 0:15.

The extracted 4D curv e c(t) = (~x(t); r (t); � (t)) is compared to the ground

trust c�
using the follo wing errors :

(
Error C (c)2 =

R1
0 k~x(t) � ~x � (t � )k2dt

Error R(c)2 =
R1

0 jr (t) � r � (t � )j2 dt
(I I I.2.14)

where t �
is suc h that ~x � (t) is the ground truth cen terline p oin t closest to

~x(t) , and where r is the radius computed b y the metho d (prop osed metho d

and [ 120 ] only), and r �
the ground truth radius.

Figures 3.10 , 3.11 , 3.12 , 3.13 and 3.14 sho ws Error C (c) and Error R(c) curv es

for sev eral syn thetic images as a function of the noise lev el.

Using the 3D space+scale lifting [ 120 ] pro duces results of v arying qualit y ,

and requires a careful tuning of the parameters to ac hiev e the optimal error

rate. [ 39 , 38 ] with an optimal smo othing generally pro vides a precise ev a-

luation of the cen terline lo cations, but without an y ev aluation of the lo cal

radius. Notice also that the smo othing parameter ac hieving the b est result

v aries from one phan tom to another. Our metho d pro vides b oth p ositions and

radii with more robustness and accuracy � and outp erforms other existing

metho ds, ev en when the mo del is not precisely tuned.

F urthemore, �gure 3.15 sho ws an exp erimen t where start and end p oin ts ha v e

b een shifted t w o pixels to the righ t. Due to the slo w v ariation of in tensit y
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along the section of the b enc hmark, the 2D metho d is sensitiv e to this shift,

while the 4D metho d recen ters the paths, and do es not su�er harshly from

the shift.

Robustness to

� 1
� 2

Figure 3.16 sho ws the in�uence of the c hoice of

� 1
� 2

on

the results.

� 1
� 2

= 0 corresp onds to a mo del reduced to a segmen t. The c hoice

of lo w v alues of

� 1
� 2

allo ws to ev aluate radius with a go o d accuracy when noise

lev el is lo w, but leads to some instabilit y . On the opp osite, a to o imp ortan t

v alue c hoice leads to precision lost.

� 1
� 2

= 0:5 is a go o d compromise.

Robustness to discretization Figure 3.17 demonstrates the e�ect of the

c hoice n� � i.e. the n um b er of angles used in the discretization. It app ears

that for lo w n� , the qualit y of the segmen tation dep ends on whether or not

the angle of the v esse l is appro ximately presen t in the discretization of [0; � ) .

W e th us p erformed qualit y tests for 31 rotations of the b enc hmarks (of angles

f i=10gi =1 ::31 ). Lo w v alues of n� lead to a higher v ariabilit y in the segmen ta-

tion, dep ending on whether or not the v esse l direction is aligned with one of

the discretized � v alue. Ov erall the algorithm is quite robust to the c hoice of

this quan tit y .

A similar exp erimen t w as run for nr (�gure 3.18 ). Although the cen terline

detection is robust to c hoices of small nr , the radius ev aluation is extremely

sensitiv e to it.

Robustness to sp eed parameters W e p erformed exp erimen ts to asses

the dep enden c e of the algorithm with resp ect to the c hoice of the angular

sp eed � (�gure 3.19 ) and radius sp eed � (�gure 3.20 ). Cen terline segmen-

tation sho ws little sensitivit y with resp ect to the c hoice of sp eed parameter

in angular direction � radius estimation is sligh tly a�ected is the sp eed is

to lo w. The c hoice of sp eed parameter in radius direction seems to b e more

imp ortan t : a to o imp ortan t v alue will lead to go o d results for radius estima-

tion when noise lev el is lo w, but will sho w a more unstable b eha vior when

the noise increases. � = 0:5r max � r min
n r

seems to b e a go o d c hoice.

In all the subseq u e n t sections, the results w ere obtained with parameters

� 1=� 2 = 0:5, n� = 12 , nr = 12 ( rmin = 1 and rmax = 6:5), � = 0:5r max � r min
n r
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and � = 0:1 �
n �

. The c hoice of a lo w � is motiv ated b y the necess it y of ha ving a

space 
 �wide enough� in angular direction in order to disam biguate crossing

con�gurations.

I I I.2.8.2 Ev aluation on Syn thetic Crossings

The 4D lifting ( I I I.2.5 ) is c hallenged b y testing the extraction of a curv ed

v esse l with a self crossing. Figure 3.21 sho ws that the v esse l curv e is not

correctly extracted with a metric that do es not tak e in to accoun t the lo cal

orien tation. A 2D purely spatial metric or a 3D space+scale metric extracts

a curv e that do es not capture the correct top ology of the v esse l. Our 4D

cen terline p osition+scale+orien tation fa v ors the extraction of a longer curv e

that is b oth w ell cen tered and geometrically faithful to the true v esse l.

I I I.2.8.3 Ev aluation on Medical/Satellite Images

Figure 3.22 , left, sho ws v esse ls extraction for a complex optical imaging of

the cortex with sev eral branc hes and in tersections. The cen terlines computed

from di�eren t ending p oin ts are o v erlapping.

Figure 3.22 , righ t, sho ws v esse ls extraction on a retinal image from the

DRIVE database [ 198 , 143 ]. The starting p oin t is sho wn with a white square

and sev eral end p oin ts are sho wn with blac k squares. The crossings in this

retinal image sho w the in terest of the 4D lifting, that allo ws to correctly

detect the geometry of the v esse ls.

Figure 3.23 sho ws a similar exp erimen t in a satellite image.

In �gure 3.24 , t w o initial seeds w ere pro vided, on the roads going do wn and

to the righ t from the crossing. Shortest paths w ere then computed from the

t w o others segmen ts of roads. The crossing is handled correctly , whic h can

not b e done b y the other metho ds whic h do not use an orien tation lifting.

Figure 3.8 sho ws the estimated radius r (t) and orien tation � (t) for a v esse l

extracted in a cortical image. Both the cen terline p osition, the radius and

the orien tation are computed with sub-pixel accuracy .

The precision of our 4D lifting metho d is ev aluated on the DRIVE data-

base [ 198 , 143 ]. Appro ximate ground truth cen terlines p ositions and radii

are computed from the binary masks a v ailable with the database. Figure
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3.25 , sho ws the binary segmen ted v esse ls together with the ground trust cen-

terline p osition and b oundaries (top and middle), as w ell as the result of our

segmen tation algorithm (b ottom).

The three geo desic extraction algorithms are applied to these three images

b et w een the indicated starting and ending p oin ts. T able I I I.1 rep ort the cen-

terlines p osition and radii errors Error C (
 ) and Error R(
 ) for eac h metho d.

F or the cen terline extraction, due to the lac k of precision of the ground truth,

there is no signi�can t di�erence b et w een the prop osed 4D lifting metho d and

the space only geo desic extraction with smo othing of the metric. The 3D

space+scale lifting [ 120 ] metho d sho w ed unstable b eha vior with resp ect to

its initialization and parameters, whic h had to b e c hosen carefully - for the

second image, w e did not manage to �nd parameters giving a correct result.

Our 4D lifting metho d is also more precise for the radii estimation than the

3D lifting.

DRIVE 1 DRIVE 2 DRIVE 3

Error C Error R Error C Error R Error C Error R

2D metric 0.40 - 0.38 - 0.30 -

3D metric 1.33 1.67 3.13 3.31 0.53 1.90

4D metric 0.31 0.43 0.35 0.44 0.40 0.47

T ab. I I I.1 � Cen terlines p ositions Error C and radii Error R estimation errors

on retina images for the three di�eren t metho ds.

I I I.2.9 Conclusion and Discussion

W e prop osed a reliable algorithm to segmen t tubular structure in bi-dimensional

images, b et w een user pro vided p oin ts. Exp erimen ts on real and syn thetic data

sho w the accuracy and the robustness of the prop osed metho ds.

F urthermore, as it is widely indep endan t of the lo cal detector w e used, it is

virtually applicable to other mo dalities. As an example, it could b e in teresting

to consider less naiv e roads detectors than the simple one that w as used in

our w ork.
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Questions remains ab out the c hoice of the metric and of the p oten tial func-

tion. Although w e did not notice high sensibilit y with resp ect to the c hoice

of an y reasonnable p oten tial in our exp erimen ts, it w ould b e in teresting to

understan t ho w design it in order to reac h an optimal segmen tation for the

targeted application. Metric c hoice could also b e used for example to fa v or

faster rotations for smaller v esse ls. T uning it w ould require a careful statis-

tical analysis of a database of man ually segmen ted tubular structures.

Theoretically , this framew ork could b e extended to tri-dimensional images,

but the lifting w ould lead to a 6 or 8 dimensional space � dep ending if the

section of a v esse l is mo delised b y a circle (1 parameter) or an ellipse (3

parameters) � whic h is lik ely to b e computationally un tractable. Moreo v er,

as there is no need of orien tation disam biguation in tri-dimensional images,

it is not clear that this algorithm w ould lead to impro vmen ts with resp ect to

existing metho ds. Ho w ev er, as explained in IV.2 , sev eral trac ks ma y b e fol-

lo w ed in order to reduce computational complexit y in that case, for example

computations on a partial v olume or appro ximation of the up date step.
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Fig. 3.10 � Cen terlines p ositions and radii estimation errors for the phan tom

1 of Figure 3.9 .

T op, middle and b ottom ro w resp ectiv ely sho w results for phan toms genera-

ted with parameters � = 0:01, � = 0:1 and � = 1 .

L eft c olumn : error Error C (
 ) (in pixel) for the three metho ds, as a function

of the noise lev el ( 100� where � is the indep enden t Gaussian noise v ariance).

( r e d : 4D metric (space+scale+orien tation), gr e en : 3D metric (space+scale)

[ 120 ], blue : 2D metric with di�eren t pre-smo othing [ 39 , 38 ])

R ight Column : Radii error Error R(
 ) (in pixel) for the 3D and 4D metho ds,

as a function of the noise lev el.
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Fig. 3.11 � Cen terlines p ositions and radii estimation errors for the phan tom

2 of Figure 3.9 . See 3.10 for legend.
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Fig. 3.12 � Cen terlines p ositions and radii estimation errors for the phan tom

3 of Figure 3.9 .See 3.10 for legend.
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Fig. 3.13 � Cen terlines p ositions and radii estimation errors for the phan tom

4 of Figure 3.9 .See 3.10 for legend.
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Fig. 3.14 � Cen terlines p ositions and radii estimation errors for the phan tom

5 of Figure 3.9 .See 3.10 for legend.
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Fig. 3.15 � Cen terlines p ositions and radii estimation errors for the phan tom

2 of Figure 3.9 with � = 0:01, with start and end p oin ts shifted t w o pixels

on the righ t. Compare results with 3.11 (top left)
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Fig. 3.16 � In�uence of the c hoice of

� 1
� 2

: exp erimen ts for b enc hmark 1.

Di�eren t curv es are for sev eral v alues of

� 1
� 2

(dark blue ! cy an ! red). T op

L eft : mean cen terline errors. Bottom L eft : standard deviation of cen terline

errors. T op R ight : mean radius errors. Bottom R ight : standard deviation of

radius errors.
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Fig. 3.17 � In�uence of the c hoice of discretization step in angular direction.

Results for phan toms 1 (T op ro w) and 5 (Bottom ro w) with noise 0.4. x-axis :

n um b er of angles of the discretization. L eft : cen terline errors, bars represen t

standard deviation. R ight : radius errors, bars represen t standard deviation.
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Fig. 3.18 � In�uence of the c hoice of discretization step in radius direction.

Results for b enc hmark 1 (T op ro w) and 4 (Bottom ro w) with noise 0.4. x-

axis : n um b er of radius of the discretization. L eft : cen terline errors, bars

represen t standard deviation. R ight : radius errors, bars represen t standard

deviation.
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Fig. 3.19 � In�uence of the c hoice of sp eed in angular direction. Results for

b enc hmark 1 (T op ro w) and 5 (Bottom ro w) as a function of noise lev el. L eft :

cen terline errors. R ight : radius errors.
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Fig. 3.20 � In�uence of the c hoice of sp eed in radius direction. Results for

b enc hmark 1 (T op ro w) and 4 (Bottom ro w) as a function if noise lev el. L eft :

cen terline errors. R ight : radius errors.

2D metric [ 39 , 38 ] 3D metric [ 120 ] our metho d : 4D metric

(p osition) (p osition+scale) (p osition+scale+orien tation)

Fig. 3.21 � Comparison of the 2D [ 39 , 38 ], 3D [ 120 ] and 4D lifting (our

metho d) when encoun tering a self-crossing.
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Fig. 3.22 � Cen terlines p ositions and radii extraction of v esse ls in a cortical

image (left), and in a retinal image (righ t).

Fig. 3.23 � Cen terlines p ositions and radii extraction of roads in a satellite

image.
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Fig. 3.24 � Cen terlines and radii extraction of roads for the three tested

metho ds. T w o starting p oin ts (white squares/circles) and t w o ending p oin ts

(blac k squares/circles) w ere pro vided for eac h metho d. F rom top to b ottom :

2D, 3D, 4D metho ds.

Fig. 3.25 � Binary segmen ted images from the DRIVE database, together

with the extracted ground trust. midd le : corresp onding images with ground-

truth cen terline and b oundary and initial and ending p oin ts. b ottom : cen-

terlines p ositions and b oundaries computed with our metho d.
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I I I.3 Applicat i o n to �o w-based extractio n

In this section, w e presen t an application of our shortest paths v esse ls seg-

men tation algorithm to the analysis of c ortic al optic al imaging .

I I I.3.1 In tro duction

Magnetic Resonance Imaging (MRI) is a widely used medical imaging mo da-

lit y , disco v ered in the

�

1970's [ 11 , 129 ]. It allo ws the tri-dimensional imaging

of sev eral tissues with go o d con trast and high spatial de�nition, while b eing

non-in v asiv e. Its basic principle is to put a sub ject in a high in tensit y magne-

tic �eld, therefore aligning the protons in w ater molecules with the �eld. A

second �eld is then applied brie�y , c hanging the alignmen t of protons. When

relaxing to the alignmen t induced b y the �rst magnetic �eld, the protons emit

a signal in radio frequency , whic h can b e detected. The use of non-constan t

magnetic �elds allo ws one to lo cate the spatial p osition from whic h the signal

w as emitted. F urthermore, the in tensit y of this signal is related to prop erties

of the tissues from whic h it originates. This leads to a tri-dimensional image

of an organ, usually discretized in v o xels whose resolution can b e under 1mm3

(�gure 3.26 ).

Fig. 3.26 � A sagittal slice of m y head, acquired with MRI.

F unctional Magnetic R esonanc e Imaging (fMRI) [ 109 , 146 ] is a v arian t of

MRI for the imaging of neural activit y . When neurons in an area of brain

activ ate, one can observ e a subseq u e n t increase in blo o d �o w in the area,

aiming at pro viding glucose and o xygen to the neurons. This phenomenon is

called Hemo dynamic R esp onse . fMRI is able to detect this resp onse, through
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the detection of c hanges in o xyhemoglobin concen tration, and can th us issue

an activ ation map of brain. Due to its high spatial precision, fMRI has b ecome

in a few y ears one of the most widely used tec hnique for functional imaging

of the brain.

Ho w ev er, fMRI do es not directly measure the neural electric activit y , but

the hemo dynamic resp onse. There is therefore a strong need for relating

hemo dynamic resp onse to neural activit y [ 32 , 48 ].

Mo ving red blo o d cells (RBCs) can b e directly "seen" b y optical imaging

of the cortex at adequate w a v elengths [ 26 ], allo wing to quan tify blo o d �o w

in v ascular net w orks [ 75 ]. Ho w ev er, to ac hiev e a robust, fast and reliable

determination of the small, ev en tually activit y-ev ok ed c hanges in cerebral

blo o d �o w (CBF), some obstacles still ha v e to b e o v ercome [ 211 ].

In particular, v esse ls segmen tation is a highly time-consuming task if relying

on user input, but is a c hallenge for standard automatic metho ds due to the

w eaknes s of con trast of small v esse ls and am biguities p osed b y crossing and

branc hing p oin ts.

Here, w e presen t a new algorithmic approac h based on our shortest path

algorithm, allo wing to segmen t v esse ls b y using �o w information rather than

anatomical information.

I I I.3.2 Pre-pro cessing

I I I.3.2.1 Sequence Registration

Images w ere acquired at 200Hz with a CCD, up on illumination at 570nm,

from the primary visual cortex of an a w ak e macaque who had a 1cm

2
trans-

paren t cranial windo w c hronically implan ted ab o v e the area of in terest. Ev en

though, during the exp erimen t, the monk ey's head is thoroughly stabilized,

the curv ature of the cortical surface, its p osition with resp ect to the camera

and the exact morphology of the v asculature c hange sligh tly under the ef-

fects of the heart-b eat and the monk ey's b o dy mo v emen ts. These mo v emen ts

can b e as large as a few pixels, and can b e relativ ely fast (un til h undred of

Hz). An in ter-frame spatial matc hing step is therefore required to b e able to

further pro cess eac h image-sequence. [ 225 ] o�ers a recen t surv ey of sev eral

image suc h image registration metho ds.
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p

pi

I 0

I i

Fig. 3.27 � L eft : Blue : SIFT p oin ts on a part of the �rst frame of the se-

quence. R e d : corresp onding Delauna y triangulatio n . R ight : Registration b et w een

t w o frames : a p oin t b elonging to a triangle in the �rst image is registered to the

p oin t with same barycen tric co ordinates in the corresp onding triangle of the second

image.Scale - b a r is 500�m in all �gures

W e used a ad-ho c features-based metho d for registering a complete sequen c e ,

based on Scale-In v arian t F eature T ransform (SIFT) descriptors [ 122 ]. SIFT is

a state-of-the-art fast and robust algorithm for extracting and c haracterizing

salien t features from an image whic h can deal with sev eral computer vision

problems. F or eac h image, the SIFT algorithm yields a n um b er (con trolled b y

a threshold) of 2D p oin ts p with sub-pixel precision, along with a descriptor

v ector vp in R128
for eac h p oin t p, whic h represen ts the image around the

detected p oin t. The main feature of the SIFT detector is that the p oin ts

and descriptors obtained are in v arian t with resp ect to scale, rotation, and

illumination c hanges.

Our metho d can b e describ ed b y the follo wing steps :

1. F e atur es Dete ction : the SIFT algorithm is applied to eac h image of the

sequen c e , to detect c haracteristic p oin ts along with their descriptors

(�gure 3.27 ) after images ha v e b een smo othed with a narro w Gaussian

�lter ( � 2 pixels) to remo v e high spatial frequency comp onen ts.

2. F e atur es Matching : w e use one frame (usually the �rst, 0) as a reference

and matc h its SIFT k eyp oin ts to those of other frames. Using some

threshold � , w e k eep from the set of these k eyp oin ts only those p0
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whic h matc h with one and only one k eyp oin t pi ( jj vp0 ; vpi jj 2 < � ) in

ev ery other frame i . Notice that no spatial information is used during

this step : only the p oin ts' descriptors are used during the matc hing

pro cess, not their p ositions. This p oten tially allo ws for large mo v emen ts

b et w een frames.

3. F ul l Image Matching : the third step is in tended to extend the matc hing

of the c haracteristic p oin ts to the whole space. F or this purp ose, w e �rst

apply Delauna y triangulation [ 25 ] to form a mesh M 0 whic h v ertices are

the SIFT p oin ts of the reference frame (�gure 3.27 ). Then eac h triangle

(p0a; p0b; p0c) of this mesh is matc hed to its coun terpart (pia ; pib; pic ) in

eac h other image i using an a�ne transformation (�gure 3.27 ).

Ho w ev er naiv e, this metho d seems to b e fast and to b e w ell suited for the

registration of almost unc hanging (up to a rigid transform) images.

I I I.3.2.2 Beer-Lam b ert correction

The Beer-Lam b ert la w predicts the measured signals as a function of the

absorption of the illumination ligh t b y the tissues. If w e separate the ab-

sorption b y the RBCs from the one from v esse ls or other cortical tissues, w e

get I � I 0e� � 2de� � 2d0
, where I is the re�ected ligh t in tensit y , I 0 the inciden t

ligh t, � the absorption co e�cien t of v esse l, d the width of the v esse l at the

considered p oin t, � the absorption co e�cien t of the RBCs and d0
its width.

Th us the signal of in terest - e.g. the presence of RBCs can b e extracted b y

applying the follo wing �lter to eac h p oin t of the sequen c e : d0 v � log( I
I base

)

where I base = I 0e� � 2d

F or eac h p oin t I base is ev aluated as a robust minimal in tensit y throughout

the registered sequen c e . Suc h a normalization using the minimal in tensit y

instead of a v erage in tensit y [ 211 ] enhances the signal from RBCs motion in

the v esse ls without increasing the noise outside.

I I I.3.3 Flo w-based v essels extraction

Blo o d-�o w based image segmen tation T o adapt the shortest path for-

malism to a �o w-based extraction of v esse ls, w e replace the ligh t-in tensit y
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I

Fig. 3.28 � Extraction of the space� time image. L eft : neigh b orho o d of p in the

direction � . R ight : corresp onding space� time image.

(gra y lev el) information b y a v alue dep ending on the presence � or absence �

of blo o d-�o w. F or a p oin t p and an orien tation � , w e determine whether �o w

follo wing the direction � is presen t at p throughout the sequen c e . T o ac hiev e

this, w e �rst extract a 2-dimensional space� time image from a small neigh-

b orho o d of p in our sequen c e of frames in direction � (�gure 3.28 ), yielding

an image I (l; t ) . Using the same structure tensor formalism as in [ 211 ], w e

compute the follo wing tensor :

T(x; �; t ) =

* �
@I
@t

;
@I
@l

� �
@I
@t

;
@I
@l

� T
+

As noted in [ 211 ], this orien tation of this tensor can b e used to lo cally ev a-

luate the inclination of strip es in the image, and therefore the sp eed of �o w.

F urthermore, the ratio b et w een its t w o eigen v alues ( i.e. its anisotrop y) giv es

an indicator of the presence of �o w in that direction � the more the tensor

is anisotropic, the more lik ely there is signi�can t �o w.

Let

�T(x; � ) b e the mean of this tensor o v er the time sequen c e . W e prop ose to

use the ratio � (x; � ) b et w een the t w o eigen v alues of

�T(x; � ) as an indication

of the presence of �o w at p oin t x in direction � .

Let 
 b e de�ned b y


 def. = [0; 1]2 � [rmin ; rmax ] � [0; � ) (I I I.3.1)

W e prop ose the follo wing approac h inspired b y the w ork presen ted in section

I I I.2.3 to segmen t v esse ls based on �o w information as shortest paths.
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Assuming that the anisotrop y of the tensors is constan t across the section of

a v esse l, w e prop ose the follo wing mo del for anisotrop y , for a v esse l of width

� 2 :

m(x2) def. =

(
1 for jx2j > � 2=2;

0 otherwise.

(I I I.3.2)

This assumes that the anisotrop y is constan t inside and outside a v esse l, and

that it is more imp ortan t inside. Notice that this rough assumption should

b e further in v estigated. W e then de�ne a set of scaled and rotated mo dels as

de�ned in ( I I I.2.3 ).

Then, w e denote b y F the follo wing quan tit y :

8! = ( x; r; � ) 2 
 ; F (! ) def. = NCC �( r;� )(M r;� (�); �T(x + �; � ))

A p oten tial is th us de�ned o v er the 4D domain as

8! 2 
 ; � (! ) def. = max(1 � F (! ); � ): (I I I.3.3)

V essels as then extracted as shortest paths for this p oten tial, as explained in

I I I.2.5 .

Figure 3.29 sho ws some results of v esse ls extracted b y this metho d, sup er-

imp osed on the �rst image of the sequen c e . Note ho w the smo othness in

orien tation imp osed b y our metho d allo ws the extraction of the v esse l, ev en

when crossings are cluttering the image. Also, in the left image, the segmen-

ted v esse ls has a v ery bad con trast with resp ect to the bac kground, but is

still segmen ted, whic h sho ws the in terest of using a �o w based segmen tation

for this mo dalit y .

I I I.3.4 Results

I I I.3.4.1 F rame registrations : rigid vs. non-rigid

Figure 3.30 compares the p erformance of our SIFT-based registration metho d

with a classical rigid registration algorithm. Notice our metho d correctly

registers the b orders of the v esse ls.
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Fig. 3.29 � Automatically extracted v esse ls. Initial and �nal p oin ts are

sho wn with squares. Notice that only �o w information (vs anatomic infor-

mation) w as used to p erform these segmen tations.

I I I.3.4.2 A v erage �o w in the v asculature

Figure 3.31 sho ws RBCs' sp eeds in three automatically segmen ted v esse ls.

RBCs w ere found to cross an y giv en section of the v esse l one-b y-one. Also,

linear RBC densit y along the v esse ls'axis w as found to b e essen tially equal

for all three v esse ls ( D1 � D2 � D3 � 6:7 � 1:18 mm� 1
). The RBC curren t

conserv ation equation V1D1 + V2D2 + V3D3 = 0 is therefore satis�ed within

the v ariabilit y of the data (where Vi are the RBCs' sp eeds in the v esse ls, and

D i the densit y of RBCs).

I I I.3.4.3 V ariations of the �o w in time

Estimation of v elo cit y c hanges of the RBCs �o w inside the v esse ls is m uc h

sensible to the accuracy of frame registration and v esse l extraction. W e p er-

formed suc h estimations on a trial of our monk ey exp erimen t presen ting a

high lev el of vibrations. Figure 3.32 sho ws that in the rigid registration case,

the data remains to o m uc h p olluted b y signals originating from outside the

v esse l and no �o w estimation is p ossible ; whereas the SIFT registration al-

lo ws to deal with these vibrations most of the time (except when they are

faster than frame acquisition rate, resulting in blurred ra w images).
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Fig. 3.30 � T op : ratio b et w een frame 0 and frame 300 of a represen tativ e

sequen c e , on an area of in terest. F rom left to righ t : ra w (no registration),

rigid registration, SIFT-based registration (clipping range - i.e. gra y-lev el

in tensit y scale - is the same for the 3 images), SIFT-based registration with

a clipping range ten times smaller. Bottom : jj jj 2 comparison of eac h frame in

the whole sequen c e to frame 0 (for the area of in terest). Ra w, rigid registration

and SIFT-based registration are resp ectiv ely represen ted in green, blue and

red. L eft : whole sequenc e . R ight : zo om on frames 250 to 350
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(10:0�m=ms )

(10:0�m=ms )

(18:3�m=ms )

Fig. 3.31 � RBCs' sp eeds in three automatically segmen ted v esse ls

I I I.3.5 Conclusion and Discussion

Using the non-rigid image registration describ ed here, w e w ere able to ac hiev e

far b etter spatial matc hing b et w een the v asculature in di�eren t frames. As a

result, the blo o d �o w signal could b e reco v ered in v esse ls that did not yield

an y signal up on rigid registration. The obtained RBC �o w could also b e

v alidated for conserv ation in v ascular branc hing p oin ts, the total n um b er of

RBCs �o wing in and out b eing found to matc h. The describ ed data pro cessing

will hop efully allo w increasing the accuracy and the sensitivit y of optical

imaging-based blo o d �o w measuremen ts, in particular with resp ect to reliably

mapping o v er large v ascular net w orks the small activit y dep enden t blo o d

�o w c hanges elicited b y neuronal activ ation. Ho w ev er, in view of the great

di�cult y of cortical imaging acquisition, w e had only one sequen c e at our

disp osal in order to assess the qualit y of our metho ds. V alidation on other

data set should th us b e needed.
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A B C

D

F

E

Fig. 3.32 � Comparison of the estimations of RBCs v elo cit y c hanges after ri-

gid vs non-rigid sequen c e registration. (F) V essel considered, extracted using

�o w-based segmen tation. (A,B) Space-time data extracted along this v esse l

after rigid and non-rigid registrations resp ectiv ely . (C,D) Corresp onding es-

timates of RBCs v elo cit y , using the tensor structure information : only in the

non-rigid case it is p ossible to estimate the v elo cit y and then detect heart-

pulsation c hanges. (E) Estimation in the non-rigid case, when a v eraging the

structure tensor o v er the whole section of the v esse l : only little information

is added compared to using only the middle line of the v esse l (D)
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I I I.4 Applicat i o n to Net w ork of Curv es Extrac-

tion

I I I.4.1 In tro duction

In section I I I.2 , w e presen ted a framew ork for the extraction of v esse ls or

roads b et w een t w o user-de�ned p oin ts. It is ho w ev er in teresting for man y

medical applications to automatically extract full net w orks of v esse ls. In this

section, w e prop ose an extension of this w ork to extract full net w orks of

v esse ls.

The prop osed algorithm consists in an iterativ e gro wing of the net w ork. A t

eac h step of the algorithm, a set of k ey p oin ts and junction p oin ts is added to

seed new geo desic branc hes that are connected to the curren t net w ork. The

length � of these branc hes is �xed and de�nes the gran ularit y of the net w ork.

Notice that [ 15 ] recen tly prop osed a similar gro wing-of-minimal-paths fra-

mew ork, but it is sp ecialized in the segmen tation of closed curv es in 2D and

meshing of surfaces in 3D.

I I I.4.2 Extension Domain

Giv en a net w ork A = A (i )
obtained after i steps of the algorithm, the gro wing

pro cess computes an extended net w ork A (i +1)
b y adding new geo desics that

ha v e an Euclidean length � > 0. This ensures that the branc hes of A (i +1)
ha v e

equal length so that its distribution is uniform, a v oiding clusters of geo desic

curv es.

As in section A.2.1 , the Euclidean geo desic distance U Euc

A (! 0) from ! 0 to A

is the Euclidean length of the geo desic 
 � = 
 (A ; ! 0) joining ! 0 to A

U Euc

A (! 0) =
Z 1

0
k(
 � )0(t)kdt:

The extension domain is de�ned as

E(A ; � ) = @B Euc (A ; � ) \ B (A ; � � ) (I I I.4.1)

with notations :
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B Euc (A ; r ) =
�

! 2 
 n UEuc

A (! ) � r
	

@B Euc (A ; r ) =
�

! 2 
 n UEuc

A (! ) = r
	

B(A ; r ) = f ! 2 
 n UA (! ) � r g

@B(A ; r ) = f ! 2 
 n UA (! ) = rg

(I I I.4.2)

It is comp osed of p oin ts ! 2 
 that can b e reac hed from A b y geo desics of

Euclidean length � . W e also w an t these p oin ts to b e meaningful according to

their geo desic distance to A , whic h requires that UA (! ) � � � . This imp oses

that for an y p oin t on E(A ; � ) , UA (! )=U Euc

A (! ) � � , e.g. the a v erage v alue of

� along the geo desic curv e joining ! to A is b etter than � . The threshold �

th us guaran tees that the extension domain do es not extend in areas where

no v esse l is presen t. � m ust b e selected according to the a v erage resp onse �

of the v esse l detector for the targeted application.

Figure 3.33 sho ws a t ypical extension domain around a single v esse l.

Numerical computation. The computation of U Euc

A is describ ed in ap-

p endix A .

In order to sa v e time, the propagation for the computation of b oth U Euc

A and

UA is p erformed only on the grid p oin ts ! that satisfy UA (! ) � � � .

Figure 3.33 sho ws the lev el sets of the geo desic distance, computed inside the

region where UA (! ) � � � . E(A ; � ) is the in tersection of the Euclidean ball

b order (ligh t) and the geo desic ball (gra y).

I I I.4.3 Net w ork Extension

A set K(A) of lo cally optimal k ey p oin ts are seeded on the extension domain

E(A ; � ) . Theses p oin ts are the extremities of the new geo desic branc hes added

to the curren t net w ork A .

Key p oin ts selecti on. A k ey p oin t ! 2 K (A) is a lo cal minim um of the

geo desic distance, as measured using a neigh b orho o d of size � in the spatial

domain. A p oin t ! = ( x; r; � ) 2 E(A ; � ) is a lo cal minim um of the geo desic

distance if

8~! = (~x; ~r; ~� ) 2 E; jx � ~xj � � =) U A (x) � U A (~x): (I I I.4.3)
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Fig. 3.33 � left : retinal image. Pro jection of the starting set A is indicated

b y a white square. midd le : 2D sc hematic represen tation of the distance

from A , restricted to B(A ; � � ) (for eac h 2D p oin t x , min r;� UA (x; r; � ) is

represen ted ). Corresp onding lev el-sets are sho wn. A 2D represen tation of

@B Euc (A ; � ) is sup erimp osed, and k ey p oin ts are indicated b y white squares.

right : k ey p oin ts connexions to A .

The set of k ey p oin ts is

K(A) = lo c.argmin

! 2E (A ;� )
UA (! ); (I I I.4.4)

Extraction of lo cal minim um of geo desic saliency is sensitiv e to noisy data

sets, in particular in �at areas where no v esse l is presen t. The size � of the

spatial neigh b orho o d should b e adapted to the noise lev el of the image. � is

set to 4 pixels in the n umerical exp erimen ts.

Figure 3.34 sho ws a k ey p oin t detected on the b oundary of the extension

domain in a syn thetic example. Figure 3.33 sho ws that sev eral k ey p oin ts are

detected on a medical image near a branc hing of v esse ls.

Key p oin ts connexion. An augmen ted net w ork is obtained b y linking

eac h ! 2 K (A) to the curren t net w ork A . The geo desic 
 � (!; A ) linking !

to A is computed and is added to the existing net w ork. These paths are

lik ely to b e v esse ls segmen ts starting from the initial set A . This requires no

additional computation since UA (! ) is readily a v ailable inside B(A ; � � ) , and


 � (!; A ) � B (A ; � � ) .

W e denote the union of these paths b y :
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A

E(A ; � )

! 2 K (A)

Fig. 3.34 � Sc hematic displa y of the extension domain extension domain

E(A ; � ) where a single k ey p oin t ! 2 K (A) is detected.

K (A) =
[

! 2K (A )


 � (!; A ) (I I I.4.5)

I I I.4.4 Net w ork Junctions

In the case when A consists of sev eral starting p oin ts, the pro cedure describ ed

in the previous section ma y not b e su�cien t to extract a complex net w ork.

Linking di�eren t part of the net w ork is required in some cases (�gure 3.35 ).

Also, noisy images generate a net w ork whose top ology migh t progressiv ely

div erge from the true net w ork, and correcting this requires to join sev eral

parts of it. This is ac hiev ed b y computing a set of junction p oin ts J (A ) �

B(A ; � � ) \B Euc (A ; � ) and linking these p oin ts to the net w ork with geo desics.

Junction p oin ts selection. The geo desic distance UA is singular at a

p oin ts ! that are connected b y t w o geo desics to t w o di�eren t net w orks p oin ts

! 1; ! 2 2 A . These t w o p oin ts are necess arily at equal geo desic distances

dF (!; ! 1) = dF (!; ! 2) = UA (! ) . T o ensure that these t w o p oin ts b elong to

di�eren t parts of the net w ork that should b e joined, w e imp ose that they

are far a w a y according to the top ology of A , as measured b y their distance

DA (! 1; ! 2) de�ned as the Euclidean length of the shortest path from ! 1 to

! 2 in A . Also, lik e in the case of extension domain, w e require that the

p oin ts are meaningful from the p oin t of view of underlying v esse ls, e.g. that

UA (! 1)=U Euc

A (! 1) and UA (! 2)=U Euc

A (! 2) are less than � .
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W e denote as ! 2 J 0(A ) the set of singular p oin ts whose closest net w ork

p oin ts (! 1; ! 2) satisfy DA (! 1; ! 2) > � , UA (! 1)=U Euc

A (! 1) � � and UA (! 2)=U Euc

A (! 2) �

� . � is set to 10 pixels in the n umerical exp erimen ts.

Similarly to k ey p oin ts ( I I I.4.4 ), junctions p oin ts are lo cal minim um of the

geo desic distance, but are restricted to b e singular p oin ts

J (A ) = lo c.argmin

! 2J 0 (A )
SA (! ) (I I I.4.6)

where ( I I I.4.3 ) de�nes a lo cal minim um. Figure 3.35 sho ws an example of

junction p oin ts where t w o parts of A are aligned along the same v esse l.

A

! 2 J (A )

A J 0(A )

Fig. 3.35 � Junction p oin t ! 2 J (A ) .

Junction connexion. Eac h junction p oin t ! 2 J (A ) is link ed to the net-

w ork A b y extracting the t w o geo desics 
 �
1 and 
 �

2 linking ! to its t w o closest

p oin ts ! 1; ! 2 2 A . Numerically , the set J 0 is determined during the F ast

Marc hing propagation as p oin ts where the fron ts emanating from di�eren t

base p oin ts in A are collapsing. A careful initialization of the gradien t descen t

around the p oin t ! is needed b ecause the distance function UA is singular

at this lo cation. In order to compute the geo desic to ! 1 , w e p erform a gra-

dien t descen t b y using a n umerical appro ximation of the gradien t that only

dep ends on v alues at p oin ts b elonging to the fron t emanating from ! 1 . The

same holds for ! 2 .T w o prop er gradien ts are therefore computed that de�ne

the t w o descen t directions for 
 �
1 and 
 �

2 .

W e denote the union of these paths b y :
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J(A ) =
[

! 2J (A )


 �
1(!; A ) [ 
 �

2(!; A ) (I I I.4.7)

I I I.4.5 V essels Cropping

Using geo desics that emanate from b oth k ey p oin ts and junctions p oin ts, a

re�ned net w ork

�A (i +1)
is obtained that extend the initial net w ork A = A (i )

�A (i +1) = A (i ) [ K (A (i )) [ J(A (i )) (I I I.4.8)

Since the extremities of this re�ned net w ork lie at a �xed distance � from A ,

the net w ork migh t extend sligh tly b ey ond the b oundaries of v esse ls. The �nal

extended net w ork A (i +1)
is obtained from

�A (i +1)
using a cropping pro cess that

remo v e part of the net w ork that are unlik ely to b elong to v esse ls.

F or eac h curv e f 
 � (t)g1
t=0 emanating from a k ey p oin t in the re�ned net w ork

�A (i +1)
, a cropp ed curv e is computed as f 
 � (t)gtc

t=0 , where tc is the minim um

t satisfying F (
 � (t)) � � . The �nal net w ork A (i +1)
is obtained from

�A (i +1)

b y cropping all the geo desic curv es.

I I I.4.6 Ov erview of the Algorithm

Starting from an initial set A (0)
of (either isolated or not) seed p oin ts, the

net w ork is progressiv ely gro wn b y inserting new k ey p oin ts and junction

p oin ts. In practice, a set f x1; : : : ; xK g of spatial lo cations are pro vided either

b y the user or in an automatic w a y dep ending on the mo dalit y , and A (0) =

fA (xk)gK
k=1 . This leads to the follo wing steps :

1. Initialization : the initial p oin ts are A (0)
, set i  0.

2. Computing the extension domain : compute E(A (i ) ; � ) as explained in

Section I I I.4.2 .

3. Se e ding key p oints : compute the set of k ey p oin ts K(A (i )) as explained

in Section I I I.4.3 .

4. Se e ding junction p oints : compute the set of k ey p oin ts J (A (i )) as

explained in Section I I I.4.4 .

5. Network extension : compute the extended net w ork

�A (i +1)
de�ned in

( I I I.4.8 ) b y connecting seeded p oin t.
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6. Network pruning : compute A (i +1)
from

�A (i +1)
as explained in Section

I I I.4.5 .

7. Stop : if A (i +1) 6= A (i )
, set i  i + 1 and go bac k to 2.

Multi-pass re�nemen t. The algorithm presen ted in the previous section

uses a �xed � , and migh t th us fail to detect v esse l extremities. Indeed, if the

v esse l extremit y is lo cated far from E(A (i ) ; � ) , it migh t not b e part of a geo-

desic starting from the k ey p oin ts K(A (i )) . T o address this issue, a re�nemen t

pass is added if A (i +1) = A (i )
, whic h lo w er the v alue of � . In the n umerical ex-

p erimen ts, w e ha v e used a set of v alues � = f � max ; � max=2; � max=4g. Reducing

the v alue of � do es not require to re-compute UA and U Euc

A .

I I I.4.7 Numerical Exp erimen ts

Exp erimen ts w ere carried out on b oth syn thetic and medical images. F or

all the presen ted results, w e used discretization nr = 12 and n� = 12 for

radius and orien tation dimensions. The sp eed on the orien tation dimension

what set to � = 0:1 �
n �

, and the sp eed on the radius dimension what set to

� = 0:5r max � r min
n r

. Otherwise indicated, the v alues � = 0:25 and � max = 48

where used for syn thetic examples, and � = 0:33 and � max = 36 for medical

examples where the qualit y of v esse l is less go o d on a v erage.

Phan tom exp erimen t of �gure 3.36 (top) sho ws the b eha vior of our metho d

in case of junctions. All the junctions are handled correctly b y the algorithm.

Phan tom exp erimen t of �gure 3.36 (b ottom) sho ws the b eha vior of our me-

tho d in case of a (self-)crossing. The correct segmen tation of the v esse l is

retriev ed b y the algorithm. All the examples where computed from a single

user-pro vided seed p oin t.

Figures 3.37 , 3.38 and 3.39 sho w results on medical images. F or �gures 3.37 ,

3.38 , the only required h uman-in teraction is to set the initial p oin ts, e.g. to

p oin t out the relev an t structure to segmen t in the image. F or �gure 3.38 ,

initial p oin ts w ere computed automatically as lo cal minima of � . Notice that

dep ending on the image mo dalit y , the initial p oin t could b e computed auto-

matically ( e.g. detection of optical papilla on retinal images).
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Fig. 3.36 � top : Multiple junctions example on syn thetic data, after full

running of the prop osed metho d ( � max = 96 ) White squar e : user pro vided

initial seed. Black squar es : k ey p oin ts. Black cir cles : junction p oin ts. b ot-

tom : Crossing examples on syn thetic data, after full running of the prop osed

metho d. White squar e : user pro vided initial seed.

I I I.4.8 Conclusion and discussion

The net w orks of curv es extraction algorithm prop oses a framew ork whic h na-

turally extend the geo desic metho d b y de�ning the net w ork extension notion.

This metho d w as tested on sev eral syn thetic and medical examples, and for
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Fig. 3.37 � Exp erimen ts of the net w ork extraction algorithm on cortical

images. White squar e : user-de�ned initial seed. Notice the correct handling

of in tersections and forks.

Fig. 3.38 � Exp erimen ts of the net w ork extraction algorithm on retinal

images. T w o initial p oin ts w ere pro vided ( white squar es ). In tersections and

forks are correctly handled.

di�eren t kinds of initial conditions.

Some problems remain, and their precise analysis could lead to impro vmen ts

in our algorithm.

� The o v erall sp eed of the algorithm could b e impro v ed. One could consider

implemen ting sp eed-up v ersions of F ast-Marc hing. F urthermore, as F ast-
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Fig. 3.39 � Exp erimen ts of the net w ork extraction algorithm on retinal

images. Initial seeds ( white squar es ) w ere computed automatically as lo cal

minima of � o v er an extended 15 pixels neigh b orho o d. Junction b et w een

di�eren t parts of the net w ork are correctly handled. Notice that an incorrect

seed (b ottom), did not giv e birth to an y lo cal net w ork.

Marc hing starts from the full curren t net w ork at eac h step, man y compu-

tations are p erformed sev eral times � one could th us consider freezing lik e

strategies, or partially reuse already computed distances map in some w a y .

� The algorithm do es not mak e an actual di�erence b et w een crossings and

junctions � whic h are just disriminated b y the angle of incidence of the

v esse l(s). The sp eed parameter on angular direction acts as a selection

parameter for an admissible junction angle. T w o v esse ls crossing with a

small angle will lead to a false segmen tation. It seems di�cult to o v ercome

this limitation without the help of a p ost-pro cessing step.

� In our implemen tation, the parameters � and � w ere set globally b y hand,

and will decide w ether or not an in tersection is crossed or not. It w ould

b e in teresting to b e able to learn those parameters, or to mak e them b e

(lo cally) adaptable to c haracteristics of the image.

� Extremities of v esse ls are sometimes miss-handled (cf �gure 3.39 ). This is

due to the fact that parameter � cannot b e decreased to o m uc h without

ha ving incertain t y in the sp eed along the shortest path. Again, a p ost-

pro cessing could handle this case.



Chapitre IV

HARDI-trac king using shortest

paths

In tro duction

In this c hapter, w e prop ose an application of shortest paths formalism to the

problem of �b er trac king in High Angular Resolution Di�usion Imaging.

Di�usion Magnetic Resonnance Imaging (DMRI) [ 11 ] is deriv ed from MRI

(cf. section I I I.3.1 ), but allo ws to ev aluate the probabilit y distribution of

w ater molecules in an y direction at an y p oin t of a tissue. Its main application

is to pro duce an image of white w ater �b er bundles in the h uman brain : due

to organization and ph ysico-c himical prop erties of the neurons axones, w ater

molecules tend to di�use faster along suc h bundles. Using DMRI imaging,

one can then assess the presence of a white matter �b er at a giv en p oin t of

the brain, in a giv en direction. White matter �b ers bundles are kno wn to

con v ey neural information b et w een di�eren t part of the brain, and studying

their anatom y helps to impro v e the kno wledge of neuroscien tists with resp ect

to the connexion of di�eren t parts of the brain, and to its w a y of op erating.

Man y new di�usion mo dels and �b er trac king algorithms ha v e recen tly ap-

p eared in the literature alw a ys seeking b etter brain connectivit y assessmen t,

in particular regarding complex �b er con�guration suc h as crossing, bran-

c hing or kissing �b ers. Clinical applications are also asking for robust trac-

tograph y metho ds, as they are the unique in vivo to ol to study the in tegrit y

155
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of brain connectivit y .

The most commonly used mo del is the di�usion tensor (DTI) [ 12 ], in whic h

di�usion is measured in the three principal directions (�gure 4.1 , left ). This

mo dalit y is only able to c haracterize one �b er compartmen t p er v o xel, and

is not adapted to areas of �b ers crossings.

Sev eral alternativ es ha v e b een prop osed to o v ercome this limitation of DTI,

mainly using high angular resolution di�usion imaging (HARDI) [ 210 ]. Sev e-

ral comp eting HARDI reconstruction tec hnique exist in the literature, whic h

all ha v e their adv an tages and disadv an tages. Nonetheless, the comm unit y

seems to no w agree that a sharp orien tation distribution function (ODF),

often called �b er ODF or �b er orien tation densit y function (fODF) [ 86 , 207 ,

90 , 51 ], able to discriminate lo w angle crossing �b ers needs to b e used for

�b er tractograph y (�gure 4.1 , right ).

Fig. 4.1 � DTI of a h uman brain ( left ) and fODF ( right ) on the same coronal

slice. Fib ers of the Corpus Cal losum (CC) and of the Cortic ospinal T r act can

b e seen in the plane of the image, as w ell as a section of Cingulum (Cing).

Three classes of algorithms exist to compute �b ers or ev aluate connectivities

b et w een di�eren t part of the brain from the v olumic data : deterministic,

probabilistic and geo desic. A large n um b er of tractograph y algorithms ha v e

b een dev elop ed for DTI, whic h are limited in regions of �b er crossings. While

HARDI-based extensions of streamline deterministic [ 210 , 107 , 20 , 215 , 51 ]

and probabilistic [ 147 , 154 , 191 , 14 , 178 , 221 , 51 ] trac king algorithms ha v e
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�ourished in the last few y ears, there has not b een, to our kno wledge, an y

prop osition to generalize DTI geo desic trac king [ 163 , 88 ] for HARDI measu-

remen ts.

In this c hapter, w e dev elop an algorithm for brain connectivit y assessmen t

using geo desics in HARDI. W e prop ose to recast the problem of �nding

connectivit y maps in the white matter to the calculation of shortest paths

on a Riemannian manifold. This Riemannian manifold is a cross-pro duct

b et w een white matter v olume and a unit sphere represen ting the p ossible

direction of �b ers. The p oten tial will b e de�ned from �b er ODF s computed

from HARDI measuremen ts.

Anisotrop y will b e used in order to constrain t the paths to follo w a direction

in the white matter whic h is coheren t with the p osition on path on the unit

sphere. Notice that in c hapter I I I , this w as unneces s ary , due to the structure

of the v esse ls : with our mo del, it is v ery unlik ely for example to �nd shortest

paths p erp endicular to v esse ls.
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Public ation related to this w ork

This c hapter is based on the w ork published in [ 165 ].

IV.1 Metho d

Firstly , let us recall some basics de�nitions ab out Riemannian manifolds �

these de�nitions w ere already in tro duced in section I.3 .
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Let (V; g) b e a Riemannian manifold i.e.

� V is a k -dimensional manifold

� for all x 2 V , g(x) is a bilinear symmetric p ositiv e de�nite application on

TxV , inducing a metric jj yjj x
def. =

p
g(x)(y; y) o v er that manifold.

The length of a smo oth curv e 
 : [0; 1] ! V is then de�ned as

L (
 ) def. =
Z 1

0
k
 0(t)k
 (t )dt def. =

Z 1

0

p

 0(t)T g(
 (t)) 
 0(t)dt: (IV.1.1)

Giv en a set A � V of seeds p oin ts and a set B � V of ending p oin ts, a

ge o desic 
 � (t) � V joining A to B is de�ned as a curv e with minimal length

b et w een A and B :


 � (A ; B) def. = argmin

 2C(A ;B)

L (
 ); (IV.1.2)

where C(A ; B) is the set of curv es 
 suc h that 
 (0) 2 A and 
 (1) 2 B . The

corresp onding ge o desic distanc e is d(A ; B) def. = L(
 � (A ; B)) .

F ollo wing A , let us also de�ne the Euclide an length of the curv e 


L euc(
 ) def. =
Z 1

0
k
 0(t)kdt: (IV.1.3)

and

L sq(
 ) def. =
Z 1

0
k
 0(t)k2


 (t )dt: (IV.1.4)

If w e in terpret the metric induced b y g as as the in v erse of a �sp eed� tensor

o v er V , for an y smo oth curv e 
 , L (
 )=L euc(
 ) can b e though t of as the

a v erage of in v erse sp eed along the curv e, while

p
L sq(
 )=L euc(
 ) � (L (
 )=L euc(
 ))2

represen ts the standard deviation of this

quan tit y .

Connectivit y measures. Considering A and B t w o subset of V w e then

de�ne

C(A ; B) def. =
L(
 � (A ; B))

L euc(
 � (A ; B))
; Cmax (A ; B) def. = max

t2 [0::1]
k(
 � (A ; B))0(t)k
 (t )

C� (A ; B) def. =

s
L sq(
 � (A ; B))
L euc(
 � (A ; B))

�
�

L (
 � (A ; B))
L euc(
 � (A ; B))

� 2

(IV.1.5)
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 � (A ; B) b eing a geo desic b et w een A and B , C(A ; B) , C� (A ; B) and Cmax (A ; B)

are resp ectiv ely measures of a v erage in v erse sp eed, in v erse sp eed standard de-

viation, and w orst in v erse sp eed to reac h B from A . They can therefore b e

in terpreted as three di�eren t connectivit y measures b et w een A and B (see

A ).

IV.1.1 HARDI Riemannian manifold

W e no w explain ho w w e recast the �b ers bundles trac king problem from

HARDI data to the calculation of connectivit y maps on a Riemannian ma-

nifold.

let us denote b y E � R3
the white matter v olume, S the unit sphere and

V def. = E � S . Using suc h a 5-dimensional space can disam biguate crossing

con�gurations since in suc h a space (x; y; z; e�;' ) and (x; y; z; e� 0;' 0) are com-

pletely di�eren t p oin ts. The idea w as in tro duced [ 91 ], but the authors pro-

p osed to segmen t rather than trac k bundles using lev el-sets.

A t ev ery p oin t (x; y; z) 2 E , w e can compute the fODF f xyz : e�;' 2 S !

f xyz (e�;' ) 2 R+
.The full data can th us b e naturally mo delled as a mapping

f from V to R+
: f : (x; y; z; e�;' ) 2 V 7! f xyz�'

def. = f xyz (e�;' ) 2 R+
.

Let us de�ne the metric g at an y p oin t (x; y; z; e�;' ) of V as

g� 1
xyz�'

def. =

0

B
B
B
B
B
B
B
B
B
@

Ez }| { Sz}| {

� (f xyz�' ) 0 0 0 0

0 � (f xyz�' ) 0 0 0

0 0 � (f xyz�' ) 0 0

0 0 0 � 0

0 0 0 0 �

1

C
C
C
C
C
C
C
C
C
A

=

 
� (f xyz�' )I 3 0

0 �I 2

!

where � is an increasing function from R+
to R+ �

and � is a parameter

con trolling the sp eed on the angular space S with resp ect to the sp eed on

the E v olume. Suc h a metric �fa v ors� paths going through areas of high

di�usion (�gure 4.2 ).

Recasting the problem in the white matter v olume, let us consider t w o

p oin ts (x1; y1; z1) and (x2; y2; z2) 2 E b et w een whic h w e wish to estimate

the connectivit y . Let us denote A = f x1; y1; z1; e�;' j e�;' 2 Sg and B =

f x2; y2; z2; e�;' j e�;' 2 Sg � E � S .
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� = �= 2� = 0

Fig. 4.2 � Illustration of the prop osed p oten tial in 2D. Starting from a 2D !

(� ! R+ ) dataset ( top ), w e in terpret it as a (2D � � ) ! R+
mapping. Slices

for � = 0 ( b ottom left ) and � = �= 2 ( b ottom right ) are represen ted . P oten tial

is lo w er on the � = 0 slice. P aths (in blue and red) are computed on this

(2D � � ) space, and then repro jected in 2D. Notice ho w ev er that the blue

path is not consistan t as it w as computed in the � = 0 slice while ha ving a

� = �= 2 direction.

C(A ; B) , C� (A ; B) and Cmax (A ; B) are then natural measures of connectivit y

b et w een (x1; y1; z1) and (x2; y2; z2) . F urthermore, let us denote b y � : E �S !

E the pro jection suc h that � (x; y; z; e�;' ) = ( x; y; z) . T o the geo desic 
 � (A ; B)

in E � S then corresp onds a pro jected path � (
 � (A ; B)) in E � R3
. Since


 � (A ; B) follo ws a high di�usion tra jectory , � (
 � (A ; B)) is lik ely to follo w an

actual �b er bundle in the v olume. With this p oin t of view, � can b e seen as

a smo othing parameter of the angular v ariations of the �b ers.

Ho w ev er, among the paths 
 : [0; 1] ! V , w e w ould lik e to fa v or the ones

suc h that at ev ery p oin t � (
 ) follo ws the corresp onding e�;' direction : if


 (t0) = ( x0; y0; z0; e� 0 ;' 0 ) , w e w ould lik e to ha v e

(� (
 )x (t0); � (
 )y(t0); � (
 )z(t0)) �

� e� 0 ;' 0 jj (� (
 )x (t0); � (
 )y(t0); � (
 )z(t0)) jj
(IV.1.6)
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The blue curv e in �gure 4.2 sho ws a path whic h is not satisfying this constrain t,

but as the same length as the red path.

In order to encourage these paths and th us to p enalize paths whic h are trans-

v ersal to �b ers, w e prop ose the follo wing approac h : let us consider a p oin t

(x; y; z; e�;' ) . Instead of using an isotropic metric � (f xyz�' )I 3 in the �rst three

directions, one w ould lik e to fa v or propagation along the e�;' direction. In

order to do so, � (f xyz�' )I 3 is replaced b y the follo wing matrix :

(R�;' )T

0

B
@

� (f xyz�' ) 0 0

0 min (�; � (f xyz�' )) 0

0 0 min (�; � (f xyz�' ))

1

C
A R�;'

where R�;' is a rotation whic h maps the �rst axis to the e�;' direction, and

� is some constan t. As long as � (f xyz�' ) > � , this tensor fa v ors propagation

in the e�;' direction. Ho w ev er if � (f xyz�' ) � � ( i.e. if the di�usion is small

at this p oin t), this do es not mak e sense, and w e k eep the isotropic tensor

de�ned b y � (f xyz�' )I 3 . Figure 4.3 illustrate this : in the � = 0 slice, where

p oten tial is lo w, w e encourage propagation in the � = 0 direction. The red

curv e will then b e shorter than the blue one.

� = �= 2� = 0

Fig. 4.3 � Illustration of the prop osed corrected p oten tial in 2D.

The c hoice of this metric is a natural w a y of handling the 5-dimensional
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HARDI data and to obtain connectivit y maps and �b ers. It ensures that (i)

the full HARDI angular information is used, (ii) geo desics go through areas

of high di�usion, (iii) geo desics tra v el in those areas in the correct directions

and (iv) crossing con�gurations are disam biguated.

Notice also that the analysis conducted in I I I.2.7 apply to this framew ork :

the c hoice of the metric describ ed ab o v e fa v ors curv es with lo w curv ature.

IV.2 Implemen tation

F or our problem, E w as discretized as a subset of a 3-dimensional grid, at

the HARDI measuremen t spatial de�nition � notice that due to the non-

rectangular shap e of E , w e use the metho d desrib ed in app endix A.1 to

prev en t the fron t to b e computed outside E , e.g. to propagate outside the

white matter v olume. S w as meshed in suc h a w a y that ev ery v ertex of the

mesh corresp onds to a direction of HARDI measuremen ts � leading to a 6

neigh b ors system. F urthermore, in order to ac hiev e go o d precision, w e c hose

to use a 26-neigh b orho o d in the discretization of E .

Ho w ev er, computing distance map using F ast-Marc hing algorithm is this fra-

mew ork is unreallistic. Recall that the up date state is of exp onen tial com-

plexit y in the dimension of the space. In the prop osed framew ork, ev ery p oin t

of the discretization has 156 neigh b ors, and is surrounded b y thousands of

simplices.

Since w e are mainly in terested in precision in the high di�usion directions, w e

prop ose to compute d(A ; f xg) at eac h p oin t b y using Dijkstra lo cal up date

step for the 156 neigh b ors. The F ast-Marc hing lo cal up date step is then only

applied for the simplices Sd of S48a (see section I I.5.2 ) in the 3 �rst dimensions

whic h con tain � e�;' direction, and their sub-simplices (see �gure 4.4 , se c ond

scheme ). F urthermore, w e p erform this computation only if the di�usion is

imp ortan t enough ( i.e. � (f xyz�' ) > � ) at curren t p oin t. W e also c hose to

up date from a simplice only if the computed v alues satis�es monoticit y and

up winding conditions describ ed in I I.4 . The up date step is th us the follo wing.

U(x)  minf min
S(1)

j

f s(1)
j g; sdg (IV.2.1)
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e�;'

Fig. 4.4 � Illustration of the simplices used in the up date step, in 2D, with

a 8-neigh b ors system. All the 1-dimensional simplices are used, while for

simplices of bigger dimension, only the ones con taining � e�;' direction are

used.

Figure 4.5 sho ws an application of this strategy to a uniform anisotropic

p oten tial in dimension 2.

Fig. 4.5 � Results of the mixed Dijkstra-F astMarc hing algorithm for a uni-

form anisotropic p oten tial in dimension 2, using the neigh b orho o d system

describ ed in 2.9 .

This leads to trac ktable computations, while the precision in the �b ers direc-

tion is preserv e d . This c hoice will b e further discussed in the exp erimen tal

results section.
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IV.3 Exp erimen tal results

IV.3.1 Real HARDI data

The HARDI dataset w as acquired on a whole-b o dy 3 T esla Magnetom T rio

scanner (Siemens, Erlangen) equipp ed with an 8-c hannel head arra y coil [ 4 ].

The spin-ec ho EPI sequen c e , TE = 100 ms, TR = 12 s, 128 x 128 image

matrix, F O V = 220 x 220 mm

2
, consists of 60 ev enly distributed di�usion

enco ding gradien ts with a b-v alue of 1000 s/mm

2
and 7 images without an y

di�usion w eigh tings. The measuremen t of 72 slices with 1.7mm thic kness (no

gap), whic h co v ered the whole brain, w as rep eated three times, resulting in

an acquisition time of ab out 45 min utes. The SNR in the white matter of this

S0 image w as estimated to b e appro ximately 37. A dditionally , fat saturation

w as emplo y ed, 6/8 partial F ourier imaging, Hanning windo w �ltering and

parallel GRAPP A imaging with a reduction factor of 2.

F rom these HARDI measuremen ts, the �b er ODF w as reconstructed. As

men tioned in the in tro duction, sev eral �b er ODF reconstruction algorithm

exist [ 86 , 207 , 90 , 51 ]. Here, w e used the analytical spherical decon v olution

transform of the q-ball ODF using spherical harmonics [ 51 ]. W e used an

order 4 estimation with symmetric decon v olution �b er k ernel estimated from

the real data, resulting in a pro�le with F A = 0:7 and [355; 355; 1390]�

10� 6
mm

2
/s.

The geo desic trac king is p erformed within a white matter mask w as obtained

from a minim um fractional anisotrop y (F A) v alue of 0.1 and a maxim um ADC

v alue of 0.0015. These v alues w ere optimized to pro duce agreemen t with the

white matter mask from the T1 anatom y . The mask w as morphologically

c hec k e d for holes in regions of lo w anisotrop y due to crossing �b ers.

IV.3.2 Geo desic connectivi t y results

F or eac h bundle except the Sup erior Longitudinal F asciculus (SLF), exp e-

rimen ts w ere carried out with � (f ) = ln(f )=ln(2) , � = 1 and � = 2 after

thresholding v alues of the fODF under 1 to a v oid negativ e v alues � the c hoice

of a logarithmic function for � w as driv en b y b oth the need to compact the

highly v ariable v alues of the fODF (man y other metho ds p erform a linear
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v o xelwise rescale � whic h is not suitable for our purp ose), and the need to

a v oid strong anisotrop y that will lead to violations of the up winding condi-

tions ( I I.4.17 ). Our metho d ho w ev er demonstrates robustness with resp ect

to the exact c hoice of these parameters.

Since SLF has high curv ature, w e set angular sp eed � = 8 in order to fa-

v or trac king of actual SLF rather than pro jections on the o ccipital cortex.

Run time w as ab out 75min for eac h bundle. It can b e further reduced b y com-

puting only some of the connectivit y maps, or b y computing them only on

a subset of white matter. While results presen ted b elo w sho w connectivit y

maps on the full maps, exp erimen ts sho w that the bundles can b e retrie-

v ed b y stopping the algorithm when 20% of the mask has b een visited. The

run time is then reduced to ab out 12min.

Figure 4.6 sho ws connectivit y measures and some geo desics obtained from

di�eren t seeds man ually placed in to ma jor �b ers bundles, whic h agree with

our kno wledge of the white matter anatom y . Notice the correctness of the

maps on Corticospinal T ract (CST) , whic h do es not spread in to the Corpus

Callosum (CC). Also, the Cingulum (Cg), whic h is a thin structure close

to CC is correctly handled b y our metho d. This clearly sho ws the adv an-

tage of using a 5D space : since �b ers in Cg and CC are p erp endicular,

these t w o bundles are v ery distan t in our 5D space, while they are extre-

mely close in 3D. Other �b ers bundles are also correctly retriev ed, suc h as

the Inferior F ron to-Occipital F asciculus (IF O) and the An terior Thalamic

Radiations (A TR). F urthermore, coheren t results are obtained b y the three

prop osed connectivit y measures.

On �gure 4.7 isosurfaces of the connectivit y maps are sho wn for all the pre-

vious �b ers bundles, and for the corresp onding �b ers in the righ t hemisphere.

Notice that the lo w er part of SLF is missed in the righ t hemisphere.

Figure 4.8 sho ws some geo desics in the left hemisphere.

Figure 4.9 sho ws results on Corpus Callosum (CC). Sev eral exp erimen ts w ere

ran from man ually pro vided seeds. Notice that CC is not segmen ted b y our

metho d. Rather, �b ers � include sp enium on the p osterior part of CC �

are trac k ed from eac h giv en seed. Cingulum is also represen ted . While this

anatomical structure is v ery close to CC in 3D space, it is not in our 5D

segmen tation space, and th us it is correctly not retriev ed b y our metho d.
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CST

Cg

IF

O

A

TR

SLF

Fig. 4.6 � Geo desic trac king results on �v e ma jor �b ers bundles in left

hemisphere. F rom left to righ t, C, Cmax , Csigma and F A.
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Fig. 4.7 � Geo desic trac king results on ma jor �b ers bundles � left and righ t

hemispheres. Isosurfaces of the connectivit y measures are sho wn. Eac h bundle

in a di�eren t color. In y ello w, the CST (C) ; in blue, the Cg (C) ; in red, the

IF O (Cmax ) ; in orange, the SLF (Cmax ) ; in green, the A TR (C) . Bottom R ow :

some corresp onding geo desics.

Fig. 4.8 � Geo desics corresp onding to ma jor �b ers bundles in left hemisphere.

In y ello w, the CST ; in blue, the Cg ; in red, the IF O ; in orange, the SLF ; in

green, the A TR.
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Fig. 4.9 � Geo desic trac king results on Corpus Callosum (CC). Seeds are

indicated in red. Cingulum in left hemisphere is also represen te d (Red)

IV.3.3 Comparison with existing metho ds

In this section, w e compare our results with results obtained b y other metho ds

on the same data :

� The GCM algorithm of [ 163 , 118 ] (�gures 4.10 and 4.11 ). T ensors w ere

ev aluated from the ra w data using the framew ork dev elopp ed in [ 117 ].

Connectivit y measures corresp onding to our C and C� w ere computed as

indicated in [ 163 , 118 ]. W e furthermore computed the Cmax connectivit y

measure.

� The deterministic HARDI trac king algorithm describ ed in [ 52 ] (�gure 4.12 ).

While GCM are faster than our metho d, the obtained C and Cmax results

are less fo cussed on the bundles of �b ers, and are sub ject to �leaks� in other

bundles (Cg, SLF, and link to the opp osite hemisphere through CC for CST).

Moreo v er, shallo w bundles not aligned with the grid seem to b e missed b y

the metho d (e.g. Cg, lo w er part of CST)
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On all exp erimen ts, Csigma is sensitiv e to the grid orien tation, and giv es

results of v arying qualit y (�gure 4.10 ).

The deterministic trac king approac h (�gure 4.12 ) giv es generally satisfying

results, but is also sub jet to leaks (leak in opp osite hemisphere for A TR, leak

in CC from Cg). Due to its high curv ature and its am biguit y , SLF is also not

trac k ed correctly .

Ov erall, while these t w o metho ds are faster, our metho d seems to p erform in

a comparable or b etter w a y on the selected trac ks.

IV.3.4 Appro ximation qualit y

In this section, w e discuss the c hoice of ( IV.2.1 ) as an appro ximation of more

complete F ast-Marc hing up date steps. W e computed connectivit y maps using

4 di�eren t up date sc hemes : (1) pure Dijkstra algorithm, (2) ( IV.2.1 ) sc heme,

(3) : (2) + F ast-Marc hing up date state applied to the neigh b oring simplices

in the three �rst directions (4) F ast-Marc hing up date state applied to all

simplexes in the three �rst directions. Figure 4.13 syn thes izes those sc hemes.

Isosurfaces of connectivit y maps are sho wn �gure 4.14 , for the 4 sc hemes,

and the same connectivit y v alue. While pure Dijkstra algorithm pro duces

di�eren t results, the other metho ds pro vided qualitativ ely equiv alen t results.

This plaid for the use of sc heme (2), whic h is the fastest among those three.

IV.4 Conclusi o n and Discussion

W e presen ted a geo desic based trac king algorithm on HARDI data. Our

metho d rapidly estimates connectivit y maps inside a white matter mask from

seed p oin ts, without the need for an explicit computation of �b ers. All the

directions of HARDI measurmen ts are used b y our metho d. Our exp erimen ts

plaid for the use of a 5D space and sho w that our metho d is able to reco v er

complex �b er bundles, whic h are often di�cult to trac k.

Ho w ev er, our exp erimen ts are preliminar. A full v alidation of the metho d

w ould imply a systematic study on a in ter-sub ject large database, as w ell as

a the study of the dep endancy of the metho d with resp ect to its parameters,

including the c hoice of � .
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CST

Cg

IF

O

A

TR

SLF

Fig. 4.10 � GCM results on �v e ma jor �b ers bundles in left hemisphere.

F rom left to righ t, C, Cmax , Csigma and F A.
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Fig. 4.11 � GCM results on ma jor �b ers bundles in the left hemispheres.

Isosurfaces of the connectivit y measures are sho wn. Eac h bundle in a di�eren t

color. In y ello w, the CST (C) ; in blue, the Cg (C) ; in red, the IF O (Cmax ) ;

in orange, the SLF (Cmax ) ; in green, the A TR (C) .
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Fig. 4.12 � Deterministic trac king results on �v e ma jor �b ers bundles. F rom

top to b ottom and from left to righ t : A TR, Cg, IF O, A TR, SLF
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e�;' e�;' e�;' e�;'

Fig. 4.13 � Illustration of the simplices used in the di�eren t up date sc hemes

in 2D, with a 8-neigh b ors system. F rom left to righ t : (1), (2), (3) and (4).

Fig. 4.14 � Isosurfaces of C for Cingulum ( top ), and Cmax for IF O ( b ottom ).

F rom left to righ t, sc hemes (1), (2), (3) and (4) w ere used.
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Conclusion générale

Le tra v ail de thèse don t il est rendu compte dans ce man uscrit a p orté sur

l'application de métho des de calcul de plus courts c hemins à di�éren tes pro-

blématiques tirées du domaine de l'imagerie médicale : segmen tation de v ais-

seaux et de réseaux de v aisseaux p our di�éren tes mo dalités, et calculs de

cartes de distances dans la matière blanc he à partir de données d'IRM de

di�usion à haute résolution angulaire.

D'un p oin t de vue théorique, sa con tribution principale est une présen tation

uni�ée de di�éren tes v ersions des F ast-Mar ching � donnan t une vision géomé-

trique de l'algorithme, et p ermettan t d'e�ectuer une preuv e de con v ergence

relativ emen t simple dans le cas le plus général. Le c hapitre corresp ondan t

se v eut égalemen t une ten tativ e de clari�cation par rapp ort à des références

considérées comme classiques, mais qui con tiennen t néanmoins nom bre d'im-

précisions. Le c÷ur de cette thèse p orte sur des applications de ces algo-

rithmes.

Du p oin t de vue applicatif, une idée cen trale du tra v ail présen té est celle

de se placer dans des espaces où l'orien tation des structures anatomiques

considérées est représen tée explicitemen t. Ceci est évidemmen t naturel et

imp ortan t dans le cadre de calculs de cartes de connectivités au sein de la

matière blanc he, les données que nous a v ons à disp osition rendan t essen-

tiellemen t compte de l'orien tation des faisceaux de �bres. Mais nous a v ons

égalemen t mon tré l'in térêt d'in tro duire ce genre de métho des dans le cadre

de segmen tation d'images bidimensionnelles, p our lesquelles il n'y a aucune

information a priori concernan t l'orien tation des structures à segmen ter.

Dans le cadre d'images bidimensionnelles, nous a v ons prop osé un formalisme

p ermettan t de segmen ter de façon robuste des structures tubulaires, tout en

év aluan t leur ra y on. Les applications à di�éren tes mo dalités, et en particu-
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lier l'extension prop osée à la segmen tation à partir de �ot optique suggère

que notre métho de p ourrait trouv er d'autres applications dans le cadre de

l'imagerie médicale. Le tra v ail concernan t la segmen tation automatique de ré-

seaux ouvre égalemen t des p ersp ectiv es v ers la création de nouv eaux systèmes

automatiques ou semi-automatiques de traitemen t d'images médicales. L'op-

timisation du temps de calcul n'a pas été une préo ccupation cen trale de notre

tra v ail. Son amélioration p ourrait p ermettre l'inclusion de nos métho des dans

des in terfaces de t yp e livewir e .

Concernan t les applications au calcul de cartes de connectivité dans la ma-

tière blanc he, l'algorithme que nous a v ons prop osé � s'il n'a pas encore été

testé sur des jeux de données complet � o�re des premiers résultats in té-

ressan ts : en un temps faible comparé à celui de l'acquisition des données,

il p ermet d'obtenir des cartes de connectivité corresp ondan t à nos connais-

sances anatomique, y compris p our des faisceaux �ns et/ou pro c hes d'autres

faisceaux, tels le Cingulum . Étan t donné la dimension de l'espace considéré

p our cette métho de, notre parti pris a été de sacri�er la précision � en par-

ticulier, notre sc héma ne con v erge pas v ers une solution théorique � a�n de

dimin uer le temps de calcul. Nous a v ons cep endan t v eillé à conserv er la pré-

cision dans les directions principales des �bres. Une étude plus approfondie

de ce que nous p erdons par rapp ort aux F ast-Mar ching complets serait in té-

ressan te. Il serait égalemen t judicieux de v alider cette métho de sur une étude

à plusieurs sujets, et de la comparer à d'autres métho des existan tes.



Annexe A

App endix to shortest paths

computation

Let us consider the framew ork describ ed in I I.4 .

A.1 Shortest paths computation on a subset of

Rn
or V

F ast-Marc hing can b e easily adapted to the computation of shortest paths

on a subset 
 of Rn
or of the considered manifold V (section I.3.1.2 ).

A �rst solution is to put the p oin ts of the discretization outside 
 in A at

the b eginning of the algorithm with + 1 v alue � or to simply remo v e them

from the discretization. Therefore, those p oin ts will not b e up date, nor they

will participate in up dates of their neigh b ors.

Ho w ev er, in view of p erforming a gradien t descen t to compute geo desics, it

is desirable to disp ose of the v alue of U at an y p oin t immediately outside


 � whic h will allo w a uni�ed ev aluation of the gradien t in 
 . One p ossible

solution is to lab el suc h p oin ts, and to set their initial v alue to + 1 . These

p oin ts w e b eha v e as 
 p oin ts during the execution of the algorithm, with the

exception that they will not b e used to up date their neigh b ors v alues. An

ev aluation of U will th us b e a v ailable for those p oin ts, without p erturbing

the v alues obtained for p oin ts in 
 .
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x

yx1
x2

Fig. 1.1 � Appro ximation of the shortest path in the simplex used during

the up date step.

A.2 Connectivit y measures

A.2.1 De�nitions, computations

If w e in terpret the lo cal metric as the in v erse of a sp eed tensor (section

I.3.1.6 ), w e sa w that a shortest path can b e considered as shortest in a tem-

p oral sense. The a v erage p oten tial of the shortest path b et w een t w o p oin ts

can then b e in terpreted as a connectivit y measure b et w een these t w o p oin ts

in sev eral con texts (c hapter I I ). The standard deviation of sp eed, as long as

its minimal v alue along the path can also b e meaningfull for the connectivit y

assesmen t b et w een t w o p oin ts (c hapter I I I .)

In order to estimate those quan tities, w e prop ose to use a generalization of

the pro cess describ ed in [ 163 ]. Let us consider an up date step in a simplex of

matrix X . Condition Cm implies that M � 2r U comes from inside the simplex

(�gure 1.1 ).

Inside the simplex, w e can appro ximate the shortest path to x with the line

going through x of direction M � 2r U . Let us denote b y y the in tersection of

this line and the facet opp osed to x in the simplex.

F urthermore, w e write y =
P n

i =1 � i x i in barycen tric co ordinates

1

.

1

The equation of the opp osite facet of the simplex is giv en b y

P
ei t i = 1 , where

e def. = X + 1 . W e immediately deduce the co ordinates of p oin t y . � is then expressed as

X + t y .
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F or an y p oin t x , let us denote b y Ueuc(x) the estimated Euclidean length

along the shortest path from x to the origin. W e will use the follo wing ap-

pro ximation :

Ueuc(x) �
nX

i =1

� i Ueuc(x i ) + kx � yk (A.2.1)

A v erage p oten tial along a geo desic is then giv en b y C = U=Ueuc .

Similarly , w e can estimate the square of the p oten tial, a v eraged along a geo-

desic ( Usq ) and the maximal p oten tial (or the minimal sp eed) along a geo desic

( Umax ).

Usq(x) �
nX

i =1

� i Usq(x i ) + kx � yk
kx � yk2

b

kx � yk2
(A.2.2)

Umax (x) � maxf
n

min
i =1

f � i Umax (x i )g;
kx � ykb

kx � yk
g (A.2.3)

Cmax = Umax can b e seen directly as a connectivit y measure.

The standard deviation of p oten tial along a geo desic � C� =
q

Usq=Ueuc � (U=Ueuc)
2

� measures the �regularit y� of the tra jectory b et w een t w o p oin ts.

A.2.2 Numerical results

W e will not giv e an y con v ergence results for the calculation of C, Cmax et

C� . W e presen t results obtained for these measures for t w o di�eren t p oten tial

maps in dimension 2. A 4 neigh b ors system is used in all the exp erimen ts.

A.2.2.1 �V essels� P oten tial

The �rst tested p oten tial mimics a v esse l (cf. section I I I.1 ). It is equal to 1

in all the space except in a shallo w v esse l in whic h its v alue is 1=4 � whic h

fa v ors fron t propagation (�gure 1.2 , left ).

Figure 1.3 presen ts the obtained results. The three connectivit y measures are

minimal inside the v esse l.

Figure 1.4 sho ws similar results for a noisy p oten tial. Gaussian noise w as

added in the lo w er left part, and the v esse ls w as cut in its righ t part (�gure
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Fig. 1.2 � P oten tials used for testing connectivit y measures. Noise free ( left )

and noisy ( right ).

Fig. 1.3 � Connectivit y measures for �v essel� p oten tial. T op, fr om left to

right : U , Ueuc and Usq . Bottom, fr om left to right : the extremal in tensit y

v alues b eing giv en, C ( 0:2, 1), C� (0, 0.4), Cmax (0.2, 1).
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Fig. 1.4 � Connectivit y measures for noisy �v essel� p oten tial. T op, fr om left

to right : U , Ueuc and Usq . Bottom, fr om left to right : the extremal in tensit y

v alues b eing giv en, C ( 0:2, 1), C� (0, 0.4), Cmax (0.2, 1).

1.2 , right ). C� et Cmax seem to b e more sensitiv e to noise than C. These to

measures are also more disturb ed b y the delete piece of v esse l.

A.2.2.2 Anisotropic P oten tial

The second p oten tial is a uniform anisotropic p oten tial. The tensor is alogned

with the axis, and horizon tal sp eed is t wice as m uc h as horizon tal v ertical

sp eed. Figure 1.5 sho ws some results for this p oten tial. C et Cmax exhibit the

exp ecte d b eha vior � i.e. they are smaller in the horizon tal direction. Since

the shortest paths are straigh t lines in this con text, the exp ecte d v alue for

C� is 0 at an y p oin t. In this exp erimen ts, w e found exact v alues in this axis

directions. In other direction, they range b et w een 0 and 0.2, with maxim um

around the starting p oin t.
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Fig. 1.5 � Connectivit y measures for anisotropic p oten tial. T op, fr om left to

right : U , Ueuc and Usq . Bottom, fr om left to right : the extremal in tensit y

v alues b eing giv en, C ( 0:5, 1), C� (0, 0.5) � maximale v alue in the plane is

lo w er than 0.2, Cmax (0.5, 1).



Annexe B

Electro des registration in EEG

using discrete optimization

This app endix has b een adapted from the researc h rep ort [ 140 ] corresp onding

to a w ork published in [ 166 ]. It is an early w ork in this thesis, indep endan t

from the rest of the presen ted metho ds. Ho w ev er, since the algorithm descri-

b ed here is curren tly used b y EEG exp erimen ters, and since dev elopping a

full framew ork for the lo calization of EEG electro des from pictures w ould b e

of high in terest, w e b eliev e it is in teresting to repro duce this app endix as a

reference.

B.1 In tro duction

Electro encephalograph y (EEG) is a widely used metho d for b oth clinical and

researc h purp oses. Clinically , it is used e.g. to monitor and lo cate epilepsy ,

or to c haracterize neurological disorders suc h as sleeping or eating disorders

and troubles related to m ultiple sclerosis. Its main adv an tages are its price

compared to magneto encephalograph y (MEG), and its v ery go o d time reso-

lution compared e.g. to fMRI. Con v en tionally , EEG readings w ere directly

used to in v estigate brain activit y from the ev olution of the top ographies on

the scalp. No w ada ys, it is also p ossible to reconstruct the brain sources that

ga v e rise to suc h measuremen ts, solving a so-called in v erse problem. T o this

purp ose, it is necess ary to �nd the electro de p ositions and to relate them to
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the head geometry reco v ered from an anatomic MRI. Curren t tec hniques to

do so are slo w, tedious, error prone (they require to acquire eac h of the elec-

tro des in a giv en order with a device pro viding 3D co ordinates[ 106 ]) and/or

quite exp ens iv e (a sp ecialized system of cameras is used to trac k and lab el the

electro des[ 175 ]). Our goal is to pro vide a c heap and easy system for electro de

lo calization based on computer vision tec hniques.

In mo dern EEG systems, the electro des (64, 128 or ev en 256) are organized

on a cap that is placed on the head. system, electro des, obtain suc h a once

to obtain used as a some ro ots b et w een the and those m ultiple pictures

of the head w earing the cap from v arious p ositions. As a preliminary step,

electro des are lo calized and their 3D p ositions are computed from the images

b y self-calibration (a tec hnique that reco v ers the cameras' p ositions from the

image information [ 59 ]) and triangulation. These are standard tec hniques

that can pro vide 3D p oin t co ordinates with a quite go o d accuracy . Remains

the problem of electro de iden ti�cation whic h lab els eac h 3D p osition with the

name of the corresp onding electro de. Finding a solution to this last problem

is the fo cus of this pap er. Note, that a go o d lab eling soft w are can also impro v e

curren t systems b y remo ving acquisition constrain ts (suc h as the recording

of the electro des in a giv en order) and b y pro viding b etter user in terfaces.

W e prop ose a metho d that reco v ers this lab eling from just a few (t w o or

three) man ually annotated electro des. The only prior is a reference, sub ject

indep enden t, 3D mo del of the cap. Our framew ork is based on com binato-

rial optimization (namely on an extension of the Lo op y Belief Propagation

algorithm[ 148 ]) and is robust to soft deformations of the cap caused b oth b y

sliding e�ects and b y the v ariabilit y in sub jects' head geometry .

B.2 Problem de�niti o n

The inputs of our metho d consist in :

� a template EEG cap mo del pro viding lab eled electro des, along with their

3D p ositions (in fact, as w e will explain further, an imp ortan t feature of our

metho d is that only the distances b et w een close electro des are used). L will

denote the set of lab els (e.g. L = f Fpz; Oz;� � � g ), and C = f Cl ; l 2 Lg will

b e their corresp onding 3D p ositions. Cl could b e for example the a v erage
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p osition of electro de l among a v ariet y of prior measures. Ho w ev er, in our

exp erimen ts, it w as just estimated on one reference acquisition.

� the measured 3D p ositions of the electro des to lab el, obtained b y 3D re-

construction from images. W e will denote b y M = f M i ; i 2 [1::n]g, these

n 3D p oin ts.

The output will b e a lab eling of the electro des, i.e. a mapping ' from [1::n]

to L . Note that n could b e less than the total n um b er jLj of electro des in

cases where some electro des are of the cap are not used.

B.3 Motiv ati o n

In this section, w e discuss other p ossible approac hes for the electro de lab eling

problem. As it will b e detailed in section B.6 , w e ha v e tried some of these

metho ds without an y succes s . This will motiv ate our energy-based com bi-

natorial approac h. A simple metho d could consist in a 3D registration step,

follo w ed b y a nearest-neigh b or lab eling. Let T b e a transformation that sends

M in to the spatial referen tial of C . A straigh t lab eling could b e :

' (i ) = arg min
l2L

d(Cl ; T(M i ))

where d(A; B ) denotes the Euclidean distance b et w een p oin ts A and B . A c-

tually , w e �rst tested t w o direct w a ys of obtaining an a�ne transformation

T :

� moment-b ase d a�ne r e gistr ation : in this case, w e computed �rst and se-

cond order momen ts of the sets of p oin ts M and C and c ho ose T as an

a�ne transformation whic h sup erimp oses these momen ts.

� 4 p oints manual r e gistr ation : here, w e man ually lab eled 4 particular elec-

tro des in M and to ok for T the a�ne transformation whic h exactly sends

these 4 electro des to the corresp onding p ositions in C .

As explained in section B.6 , w e observ ed that these t w o approac hes giv e

v ery bad a v erage results. One could argue that this migh t b e caused b y the

qualit y of the registration. A solution could b e to use more optimal a�ne

registration metho ds, lik e Iterativ e Closest P oin ts[ 222 , 22 ]. Y et, a close lo ok

at what caused bad lab eling in our exp erimen ts, rev eals that this w ould not

impro v e the results. The main reasons are indeed that (i) the sub ject whose
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EEG has to b e lab eled do es not ha v e the same head measuremen ts than the

template, and moreo v er that (ii) the cap is a soft structure that shifts and

t wists from one exp erimen t to another.

It is clear that only a non-rigid registration could send M close to C . Ho w e-

v er, mo deling the problem in term of space deformation is not suitable. F or

instance, a Thin-Plate Spline[ 27 , 79 ] based algorithm w ould not b e adapted.

A ctually , a more suitable framew ork could b e a deformable shap e matc hing

one. W e could see our problem as a shap e registration one, based on shap e de-

formation and intrinsic shap e prop erties[ 183 ], rather than on deforming the

am bien t space in order to mak e the shap es matc h. Because of the top ology

of the electro des on the cap, relations b et w een p oin ts are also of imp ortance.

In that sense, our problem is close to the one in v estigated b y Coughlan et

al. [ 42 , 5 ], whic h they solv e reco v ering b oth deformations and soft corresp on-

dences b et w een t w o shap es. Y et, in our case, w e see t w o main di�erences :

(i) lab eling, rather than shap e matc hing, is the k ey issue, and (ii) enforcing

relational constrain ts b et w een p oin ts are more imp ortan t than regularizing

deformations. F or these reasons, w e prop ose a metho d based on optimal la-

b eling for whic h the only (soft) constrain ts are the distances b et w een nearb y

p oin ts, without mo deling an y deformation.

In the remaining of the article, w e �rst state our mo del and the asso ciated

energy ; w e then discuss our c hoice for an energy minimization algorithm.

Finally , w e v alidate our metho d giving qualitativ e and quan titativ e results

on real exp erimen ts.

B.4 Prop osed framew ork

The complete pip eline of our system is depicted �gure 2.1 . As w e already

explained, w e do not consider here the 3D reconstruction step, but only the

lab eling one. F rom the measured data M , w e construct an undirected graph

G = ( V; E) , where V = [1::n] is the set of v ertices and E a certain set of edges

whic h co des the relations b et w een nearb y electro des. As it will b ecome clear

in the follo wing, the c hoice of E will tune the rigidit y of the set of p oin ts M .

Practically , the symmetric k -nearest neigh b ors or all the neigh b ors closer than

a certain t ypical distance, are t w o v alid c hoices. Giv en an edge e = ( i; j ) 2 E
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jiM G = ( V; E)

3D reconstruction ' � = arg min( U(' ))

C Cl
Ck

Fig. 2.1 � Complete pip eline : w e obtain 3D p ositions M (b ottom left) b y

reconstruction from sev eral (usually 6) pictures (top left). A graph G then is

constructed from these p ositions (b ottom righ t). Considering a template cap

and asso ciated p ositions C (top righ t), w e lab el the measured electro des b y

estimating ' � = arg min( U(' )) . In this example, ' (i ) = k , ' (j ) = l .

for i 2 V and j 2 V , w e denote b y dij = d(M i ; M j ) the distance b et w een

p oin ts M i and M j in the measured data and b y

~dij = d(C' ( i ) ; C' ( j )) the

reference distance b et w een the electro des ' (i ) and ' (j ) . In order to preserv e

in a soft w a y the lo cal structure of the cap, w e prop ose to simply minimize

the follo wing energy :

U(' ) =
X

(i;j )2 E

� (dij ; ~dij ) (B.4.1)

where � is a cost-function whic h p enalizes di�erences b et w een the observ ed

and template distances. Note that, whereas the global one-to-one c haracter of

' is not explicitly enforced b y this mo del, the lo cal rigidit y-lik e constrain ts en-

force it. Graph rigidit y theory is a v ery complex domain (see for example [ 23 ]

as an in tro duction), b ey ond the purp ose of this article.

F ollo wing the classical framew ork of Mark o v Random Fields (MRF) [ 125 ,

21 , 70 ], this can b e rewritten as maximizing the follo wing function :

P(' ) = exp(� U(' )) =
Y

(i;j )2 E

exp(� � (dij ; ~dij )) =
Y

(i;j )2 E

	 i;j (' (i ); ' (j ))

(B.4.2)

Normalizing P b y dividing b y the sum o v er all the p ossible mappings ' ,
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yields a Gibbs distribution o v er a MRF deriv ed from graph G with L as

the set of p ossible lab els eac h v ertex. The problem is th us reduced to the

classical case of �nding a Maximum A Posteriori (MAP) con�guration of a

Gibbs distribution :

p(' ) =
1
K

Y

i 2 V

 i (' (i ))
Y

(i;j )2 E

 i;j (' (i ); ' (j )) (B.4.3)

where K is a normalizing constan t and  i (' (i )) = 1 in our case.

B.5 Energy minimizati o n

The problem of �nding a MAP con�guration of a Gibbs distribution b eing

NP-complete [ 102 ], w e cannot exp ect to get an algorithm that optimally

solv es ev ery instance of the problem. Since the seminal w ork of Geman & Ge-

man [ 70 ], who prop osed an algorithm that w arran ts the probabilistic con v er-

gence to w ard the optimal solution � ho w ev er with an unreasonable run-time

� sev eral metho ds ha v e b een in v estigated to maximize general distributions

lik e ( B.4.3 ). Among these, minimal-cut based metho ds (often referred to as

Gr aphCuts ), in tro duced in computer vision and image pro cessing b y [ 74 ],

has receiv ed man y atten tion (see [ 85 , 29 ]). These metho ds can ac hiev e global

optimization for a restricted class of energies[ 84 ]. F or more general energies,

appro ximations w ere prop osed [ 169 ]. As w e exp erimen ted[ 140 ], these appro xi-

mations fail to reco v er a correct lab eling in our problem, whic h b elongs to a

class of m ultilab el problems that are not easily tac kled b y Gr aphCuts .

As a conseque n c e , w e opted for a completely di�eren t but widely spread al-

gorithm, namely Belief Pr op agation (BP), and more precisely for its v arian t

adapted to graphs : L o opy Belief Pr op agation (LBP). Please see [ 60 ] for a

recen t reference. Brie�y , it consists in propagating information through the

edges of the graph : eac h no de i sends messages to its neigh b ors k , measu-

ring the estimated lab el of k from its o wn p oin t of view. Messages are passed

b et w een no des iterativ ely un til a con v ergence criterion is satis�ed. This al-

gorithm is neither guaran teed to con v erge nor to con v erge to an optimal

solution. Ho w ev er, it b eha v es w ell in a large v ariet y of early vision problems.

Empirical and theoretical con v ergence of this family of metho ds w ere studied
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for instance in [ 141 , 216 ].

A ctually , w e designed for this w ork an original and faster v ersion of LBP . It

is an impro v ed v ersion of LBP based on the idea of [ 103 ].

Let us �rst explain classical LBP algorithm.

B.5.1 LBP

L o opy Belief Pr op agation (LBP) algorithm [ 60 ] is a widely used metho d to

�nd appro ximate solutions to the MAP problem when the sub-mo dularit y

condition is not ful�lled. It consists in propagating information through the

v ertices of the mesh seen as a graph : roughly sp eaking, eac h no de i sends

messages to its neigh b ors k , measuring the estimated lab el of k from the

p oin t of view of i .

The LBP algorithm is deriv ed from an exact algorithm w orking on trees called

Belief Pr op agation (BP) or Max-Pr o duct algorithm [ 149 ]. In the original BP ,

messages measuring b elief in a lo cal lab eling propagate from the leafs to

the ro ot of the tree. Then a bac kw ard pass is computed in whic h lab el that

maximizes the b elief is c hosen at eac h no de, kno wing the lab el of the father.

Let us in tro duce some notations :

r the ro ot of the tree, s the application that maps a no de to its sons and f

the application that maps a no de to its father. L is the set of the leafs of the

tree.

mi ! j will denote the message passed b y no de Vi to no de Vj . mi ! j (l) is a

measure of ho w con�den t no de Vi is that no de Vj is giv en the l lab el, i.e.

' (Vj ) = l .

W e denote b y bi (l i ; l f ( i )) =  i (l i ) f ( i ) i (l f ( i ) ; l i )
Q

j 2 s(i ) mj ! i (l i ) for l i 2 C and

l f ( i ) 2 C the join t b elief that no de Vf ( i ) is assigned lab el l f ( i ) and no de Vi is

assigned lab el l i .

The BP algorithm is describ ed in algorithm 8 .

When the graph is not a tree, the ordered treatmen t of BP is imp ossible to

apply . Ho w ev er, disregarding the relation of paternit y of the no des, it is still

p ossible to pass messages from no des to no des in the graph. A b elief can

also b e computed the same w a y as for BP . The idea of LBP is then to apply

the message passing sim ultaneously or sequen tially to all the neigh b oring
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Algorithm 8 Belief Propagation

K = L

F or w ard p ass

while Vi 2 K do

remo v e Vi from K

compute mi ! f ( i )(l f ( i )) = maxl i (bi (l i ; l f ( i ))) for all l f ( i ) 2 C .

compute � (l f ( i )) = argmaxl i (bi (l i ; l f ( i ))) for all l f ( i ) 2 C .

if all sons of Vf ( i ) ha v e b een treated, add Vf ( i ) to K

end while

Ba ckw ard p ass

�' r = � r

K = s(r )

while Vi 2 K do

remo v e Vi from K

compute �' i = � i ( �' f ( i ))

K = K [ s(Vi )

end while

return �'

no des of the graph. A stopping criterion is then to b e de�ned - usually a

con v ergence criterion or a �xed n um b er of iterations.

Let us adapt sligh tly the notations and denote b y N (i ) the set of neigh b or

no des of Vi .

mt
i ! j is the message passed b y no de Vi to no de Vj at time t . Let bt

i (l i ; l j ) =

 i (l i ) ij (l i ; l j )
Q

k2 N (i );k6= j mt
k! i (l i ) for (l i ; l j ) 2 C2

b e the join t b elief for

neigh b or no des Vi and Vj . Finally , let bt
i (l i ) =  i (l i )

Q
k2 N (i ) mt

k! i (l i ) b e the

belief vector at no de Vi and time t (taking in to accoun t all the neigh b ors of

no de Vi ).

This leads to algorithm 9 .

This algorithm is neither guaran teed to con v erge nor to con v erge to an opti-

mal solution. Ho w ev er, it b eha v es w ell in a large v ariet y of early vision pro-

blems. Empirical and theoretical con v ergence of this kind of metho ds w ere

studied for instance in [ 141 ] and [ 216 ].

Notice that the complexit y of one step of this algorithm is basically j(C)j2jE j
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Algorithm 9 Lo op y Belief Propagation

set m0
p! q(lq) = 1 for all (p; q) 2 E .

for t = 1; t � T; t + + do

for all (i; j ) in V do

mt
i ! j (l j ) = maxl i 2 C (bt � 1

i (l i ; l j ))

end for

end for

return �' i = argmaxl i 2 CbT
i (l i )

where jE j is the n um b er of edges of the graph.

B.5.2 Impro ving b elief propagation

Sev eral metho ds ha v e b een prop osed to impro v e b oth the con v ergence and

the qualit y of results obtained b y LBP algorithm. [ 213 ] prop osed a sligh tly

di�eren t algorithm based on a di�eren t theoretical framew ork with in ter-

esting con v ergence prop erties. More recen tly , [ 103 ] prop osed an in teresting

mo di�cation of LBP based on lab el pruning according to curren t b elief at

eac h no de, and on a c hoice of a priorit y order for co v ering all no des. But,

their metho d sho w a greedy b eha vior, since a lab el cannot app ear again once

it has b een pruned.

A new in termediate and simpler v ersion of LBP based on lab el pruning is

prop osed here. It is based on the idea that if a lab el is v ery unlik ely for a

giv en v ertex, it ough t to b e useless to use this lab el for the calculation of the

outgoing messages for this v ertex. Hence, after eac h step, the b elief ve ctor

bt
i (l i ) is computed for eac h no de as w ell as its maxim um and minim um v alues

M t
i and mt

i . Then, eac h lab el with a b elief lo w er than the geometric mean gt
i

of mt
i and M t

i is declared inactive for the next iteration only , e.g. it w on't b e

considered as a candidate lab el in computing outgoing messages to w ard the

neigh b ors of Vi (notice that the c hoice of the mean is somewhat arbitrary . It

should b e adapted to the structure of the b elief v ector. F or our application,

w e didn't notice e�ect of the c hoice of a threshold b et w een 0:5 and 0:8 o v er

sp eed nor qualit y of results).

Let us denote b y Act t
i the set of activ e lab els of Vi computed at iteration t .
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Our metho d is describ ed algorithm 10 .

Algorithm 10 F ast Lo op y Belief Propagation

set Act0
i = C for all Vi 2 V

set m0
p! q(lq) = 1 for all (p; q) 2 E .

for t = 1; t � T; t + + do

for all (i; j ) in V do

mt
i ! j (l j ) = maxl i 2 Act t � 1

i
(bt � 1

i (l i ; l j ))

set Act t
i = f l i : l i � gt

i g

end for

end for

return �' i = argmaxl i 2 CbT
i (l i )

The jCj2 factor for eac h edge in the complexit y for one step is then replaced

b y a jCjjC0j where jC0j is the n um b er of active lab els of the original no de.

B.6 Exp erimen ts

W e used 6 sets of 63 electro des. Eac h set consists in 63 estimated three

dimensional p oin ts, acquired on di�eren t sub jects with the same EEG cap

and man ually lab eled. T o test our algorithm as extensiv ely as p ossible, w e

ran the algorithm on eac h set, taking succes s iv ely eac h of the other sets

as a reference. W e hence sim ulated 30 di�eren t pairs (M; C ) . A t least one

electro de in M w as man ually lab eled (see further).

E w as c hosen the follo wing w a y : w e �rst estimated a t ypical neigh b or dis-

tance b y computing the maxim um of the nearest neigh b or distance for all

electro des in M , and then considered as b elonging to E , ev ery pair of distinct

electro des within less than three times this distance. In order to accelerate

and enforce con v ergence , w e used the three follo wing tec hnical tric ks :

� w e used our mo di�ed LBP algorithm

� w e added a classical momen tum term [ 141 ]

� denoting b y Vf the subset of V of the man ually lab eled electro des, w e added

the set of edges Vf � V to E , allo wing accurate information to propagate

quic kly in the graph.
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Although non indisp ensable, this led to a mean running time of less than

11s on a standard 3GHz PC and to a smaller n um b er of non con v erging

optimization.

The cost-function � w as of the form � (x; y) = x
y+ � + y

x+ � where � is a small

p ositiv e constan t. W e did not notice sensitivit y with resp ect to this c hoice, as

far as the follo wing k ey conditions are ful�lled : (i) p enalizing di�erences b et-

w een x and y and (ii) p enalizing small v alues of x or y . This latest condition

enforces (y et do es not w arran t) a one-to-one mapping ' .

Di�eren t exp erimen ts where carried out. First, the prior consisted in ma-

n ually lab eling electro des Fpz, Oz, and T8. In that case, our metho d reco-

v ers all the electro des, whic h w as, as exp ecte d , not at all the case with an

a�ne registration+nearest neigh b or approac h (see �gure 2.2 ). A ctually , w e

observ ed that lab eling (Oz; T8) seems su�cien t. Y et, without an y further

data, w e do not consider that lab eling t w o electro des only is reliable. Figure

2.4 sho ws a result on a case where a�ne registration do es not w ork and the

�nal 3D reconstruction with our metho d.

T o demonstrate the robustness of our algorithm, w e also tested h undreds

of other conditions, in whic h 1, 2 or 3 randomly c hosen electro des w ere

"man ually" lab eled. Non-con v ergence w as only observ ed for non reasonable

c hoices of "man ually" lab eled electro des : indeed, if they are c hosen on the

sagittal medium line, there is an undetermination due to the left-righ t sym-

metry of the cap. This do es not o ccur when the electro des are set b y a h uman

op erator. The classi�cation error rates are lo w (see �gure 2.2 again) but not

negligible. This mak es us plead for a man ual lab eling of t w o or three �xed

and easy to iden tify electro des, e.g. (Fpz; Oz; T8).

Finally , w e also succes s fully tested cases for whic h n < jLj , i.e. when some

electro des are missing : if a few electro des w ere forgotten in the 3D recons-

truction pro cess, our algorithm should still b e able to lab el the detected ones.

This should allo w us to �nd whic h electro des w ere forgotten, to compute their

appro ximate 3D p osition from the template cap mo del and to use this infor-

mation to detect them bac k in the pictures. T o carry our exp erimen ts, w e

remo v ed randomly from 1 to 10 electro des in the data sets to b e lab eled. La-

b elisation w as p erformed using the (Fpz; Oz; T8) prior as explained ab o v e.

Results are syn thetized �gure 2.3 .



194 Electro des registration in EEG using discrete optimization

NC misclassi�ed lab els

A�ne registration (momen t based) - 48.7%

A�ne registration (4 man ual p oin ts) - 21.3%

Our metho d - (Fpz; Oz; T8) man ually lab eled 0% 0%

Our metho d - (Oz; T8) man ually lab eled 0% 0%

Our metho d - 3 random electro des lab eled 0% 0.03%

Our metho d - 2 random electro des lab eled 0.3% 0.2%

Our metho d - 1 random electro de lab eled 4.2% 3,7%

Fig. 2.2 � Classi�cation errors. NC giv es the p ercen tage of instances of the

problem for whic h our metho d did not con v erge. Misclassi�ed lab els p ercen-

tages are estimated only when con v ergence o ccurs.

missing electro des mislab eled electro des

1 0%

2 0%

3 0.01%

4 0.02%

5 0.02%

6 0.04%

7 0.04%

8 0.3%

9 1.1%

10 1.1%

Fig. 2.3 � Results with missing electro des.

B.7 Discussion

Exp erimen ts sho w that our framew ork leads to fast, accurate and robust

lab eling on a v ariet y of data sets. W e consider pro viding on the WEB in

a near future an complete pip eline including our algorithm - ranging from

3D reconstruction of electro des to their lab eling. Suc h a system w ould only

require a standard digital camera and w ould imply minimal user in teraction
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Fig. 2.4 � A sample result. M is in red and C in green. T op left : 63 esti-

mated 3D electro des p ositions. T op cen ter : reference. Bottom left : subset

of a lab eling with the momen t based algorithm ; C4 is wrongly lab eled CP4,

and F1 is lab eled F3 (not sho wn). Bottom cen ter : a subset of correct corres-

p ondences retriev ed b y our algorithm. T op and b ottom righ t : full lab eling

retriev ed b y our algorithm, sup erimp osed with anatomical MRI

(man ually lab eling three electro des).

Note that the �exibilit y of our MRF form ulation allo ws di�eren t priors. W e

plan for instance to use the color of electro des on the images as a further

prior for lab eling. This could lead to a fully automated system, where no

user in teraction w ould b e required.
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